A COMPARISON OF THE SERIES OF
FOURIER AND BIRKHOFF*

BY
M. H. STONE

In his thesis, Haar has made a comparative study of developments on

(0, 7) in terms of the set V'1/x, V'2/m cosx, V'2/mw cos 2%, - - -, and of a cer-
tain Sturm-Liouville set. He proves that the term-by-term difference of the
formal series for any function summable with summable square converges uni-
formly to zero on the interval (0, ). Recently, Walsh, by entirely different
and elegant methods, deduced a similar theorem for the set /2] sin x,
v/2/w sin 2z, - - -, and a second Sturm-Liouville set on the interval (0,
m)}. These two papers naturally suggested the possibility of analogous
theorems for the series which Birkhoff defined in a memoir on the expansion
problems of linear homogeneous differential systems of the nth order,
and which are generalisations of the Sturm-Liouville series.§ Tamarkin,
in a paper written to supplement the one just cited, compared the general
Birkhoff series on the one hand and Fourier series on the other.| He dis-
cussed only Riemann integrable functions and did not investigate the actual
term-by-term difference of the series under consideration. In a later work
on expansion problems which came to our attention after the completion
of the present paper, he obtained, by methods different from our own,
certain of our theorems, which will be noted subsequently.§ Insofar as:
Tamarkin’s treatise concerns us here, it consists in an extension of his
previous results to the case of the summable function.

In the present paper we study the comparative properties not only of
the Birkhoff and Fourier series for an arbitrary summable function, but
also of the formal series obtained by deriving these term-by-term % times.

* Presented to the Society, December 30, 1924; accepted in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy at Harvard University; received by the editors of
these Transactions in October, 1925.

t Haar, Mathematische Annalen, vol. 69 (1910), pp. 331-371.

{ Walsh, Annals of Mathematics, ser. 2, vol. 24, pp. 109-120.

§ Birkhoff, these Transactions, vol. 9( 1908), pp. 373-395.

|| Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912), pp. 345-395.

4 Tamarkin, OnCertain General Problems in the Theory of Ordinary Linear Differential Equations
and the Expansion of an Arbitrary Function in Series, Petrograd, 1917, in Russian: cited henceforth
asD. E.
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While our main purpose is the investigation of these questions, we
first make generalisations of the series defined in Birkhoff’s memoir. These
generalisations are not trivial, and furthermore occupy a central position
in the theory of linear differential equations. For this reason we take the
liberty of describing them here.

I. EXISTENCE THEOREMS

In the following pages we shall have constantly before us the differential
equation

™ + Kk + pouD + - puu® + (pa + Nu =0

where ps, - - -, pn are real or complex summable functions of the real variable
x on the interval (0, 1), and \ is a complex parameter. The usual existence
theorems are obviously inapplicable to the present case. We employ a
modification of the method of successive approximations to show the
existence of “solutions” of such equations.* We first prove

TrEOREM I. If
(1) p1, - - -, pu, 7 are real or complex summable functions of the real variable
x, a<x=<b;
(2) X is a complex parameter restricted to the circle |\| A;
3) = is any point of (a, b);
4) co, - - -, o are any real or complex constants;
then there exists a constant 6,>0, independent of N, %o, Co, - - + , Ca—1; aNd
there exists a function u(x, \), defined for all \, I)\I <A, and for all x on the
interval common to (a, b) and (xo—8a, xo+04), such that
1) w®(x, \) is continuous in x and analytic in \, k=0, - - - , n—1, the
differentiation being with respect to x;
(2) w®(xe,N)=c3, k=0, - - - ,n—1;
(3) w™(x, \) is summable in x for each value of \;
@) u™D(x, N) = Hip™ (x, Ndx;
(S) wW4purD4 - oo P U D4 (pn+N) =7, except possibly on a set
of zero measure, E,, for each \;
(6) u(x,\) is unique.

In the case py=p,= - - - =p,=0, A=0, the equation reduces to u™ =7;
and we can construct a function with the properties (1)-(5) of the theorem
for the whole interval (a, b). By direct verification we see that it is

a(x — xo) ene1(x — x0)™! *(x — ™!

% = ¢+ 2 -+t (n—1)! + z,(n—-l)! r(E)dt.

* Tamarkin has obtained existence theorems here differently, D. E., Chapter I.
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Hence in the general case we attempt to solve the equation

ai(x — o) cn1(x — o)™t (x — ™!
e LRRTIE S et .L@_n!b@+d@
Sw) = — pu™ — - - — pgu® — (pn + Nu.
We first form the sequence of successive approximants [«,] where
a(x — xo) cn-1(x — x0)™!
S T
z —_ E)n—l
wirn = w0+ [ SO [t + r(e) e
zy (n - 1) !

To consider the convergence of this sequence we construct a second sequence
where

Yo = %o,
z —_ n—1
V1= U — Uy = j;o% [S(uo) + rldg,
(z — gt ,
Vig1 = Uip—U; = | ————— S(v:) dE (G=1,2,--9).
zo(n - 1) !
Clearly, for k=0,1,2,- .-, n—1ands =1,2, - - ., and for all x, x,, £ on

(a, b) we have

|m(’"| = C,

(s - s)(n-w\ .

(n—k—-1)!
and

z (x —_ E)u—k—l
» _ N\ s ;
Vopy = J:.(” r— !S(v.)df.

Next, by a fundamental property of the Lebesgue integral, we can write

1
< —
2L

[Apl+- -+l +13Dae

for all A, [\| <A, and for all #, |x— x| <84, where 5, >0 does not depend on x,.
We now show that if the inequality |v.®|<C/2¢1 is true, |x—uxo| <84,
it is also true when s replaced by ¢+41; since it holds for 2=1, it will be
true for all 2. We have

-0 (B
|”a+1|§L

z C C
Joanl el D s o

| # — 2| <éa.
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Hence the infinite series v¢'® 40P 40V 4 . . . k=0, - - -, n—1, converge
uniformly, |x—xo/<8s, [\|<A. The individual terms are continuous in
x and polynomial in \. We can thus be sure that the limit functions are
continuous in a and analytic in A, and can write

a=1
M - — M (% — 3
lim )9, = lima® = 4®(x,N).
i—=® 41 i—w

The functions #*¥ (x, N\) thereforc satisfy conclusion (1) of our theorem.
On allowing 7 to become infinite in the relation connecting #;4; and u,,
we find

(;:g})—"_r [S(w) + r]ag, I x — xol =< 4.

u(x,N) = uo(x) + fz

By direct computation we sce that (2) is fulfilled. On deriving the identity
n times with respect to x there results

u™(x,\) = S(u) + r(x)

cxcept possibly on a sct Ej of measure zero. Thus (3) and (5) are satisfied.
Then we see that

u(n—l)(x’x)

1 + f ’ [S(w) + r]d¢

= s f w0 (2, N)dx
Zo

which is conclusion (4).

We now assume that on some interval containing x there exists a second
function #(x, ), |\| <A, with the properties
(1) a®(x, N\), k=0, - - -, n—1, is continuous in « for each value of \;
2"y a®(xo, N)=cx, k=0, - - -, n—1;

(3’) @™ (x, N) is summable in x for each value of \;

@) a4V (x, N) = oy Ffa i@l (x, N)da;

8 a4 pa 4 - F P a4V (p+Ni =7, except on a set E,’ of
7ero measure.

The difference U =u—1 is then a function satisfying the conditions (1’)
-(5') with x=0,%=0, - - - ,n—1, and »(x) =0, the set E,’ being replaced
by the set E\""=E)+E)’. We suppose that at some point (£, Ao) in the
domain of definition of U(x, N) we have U (%o, No) #=0.

By the part of the theorem already proved we now construct functions
U,, - - -, U,, satisfying the conditions (1)-(5) with U{® (&, \) =8, 41,
the well known Kronecker symbol, and 7(x) =0. We then form
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vuy - .U®D

U Uz,‘ . U l
W\ =] :

U" Un, Lo U”(n-—lV 1

with W(xg, N) =0, W (o, N) =U (&, N)5#0. It is casily scen by the usc of
(5) and (5') that we have

W'(x,N) = = pu(x)W(x,N)

almost everywhere, while by (3) and (3”) it is clear that

W(x,\) = f W' (x,N)dx.
%o
On the other hand the function

VVo(x) - e—fxoPuix
satisfies

Wi (x) = — pr(x)Wo(x)

almost everywhere, and
Wo(x) =1 +f Wo'(x)dx.
o

We then find that (W /W)’ =0 almost everywhere; and we can integrate
this relation obtaining W=c\)W, Since W(x,, N)=0, it follows that
c¢(\)=0, W(x, \)=0. This leads to the contradictory statement W (Z,, \)
=U(Zy, N\) =0. We thus have U(x, \) = 0 over the domain for which it is
defined; in other words, u(x, N) is unique, as asserted in the sixth point of
the theorem.

It is now easy to demonstrate the general existence theorem, which is

TueorREM II. Under the hypotheses (1)—(4) of Theorem 1 ihere exists
a unique function u(x, ), a=x =b, such that
(1) u®(x, N) is continuous in x and entire in N\, k=0, - - -, n—1;
(2) u® (x,, N)=c, k=0, - - -, n—1;
(3) u™(x,\) is summable in x for each value of \;
@) w0 (@, N) = o Hf, 0w (@, Ndz;
(5) u®+purD 4 - p u®O 4 (patNu=r, except possibly on a set
€ of measure zero, independent of \.

At x, we form the interval I,: |x—2x,| <8a; at the right-hand end of I 0
x0+84, we form the interval I;: |x—x,—84| <6a; and we continue, forming
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I, - - -, Iy, where N is large enough that Iy contains x =b. Similarly, we
form a chain of intervals I_,, - - -, I_» running to the left, with M large
enough that 7_ contains x=a. Then in I, we use Theorem I to set up a
function #(x, ) satisfying conditions (1)-(6) of that theorem. In I, we
apply Theorem I to define a function u;(x, N) satisfying (1)-(6) in I,, with
P (xo+0a, N) =u® (294084, N); by (6), » and %, coincide, xo<x Zxo+0a,
I\| <A. We then perform a similar set of operationsin I, - - -, In, Iy, - - -,
I_». The result is the formation of the function #(x, A\) whose existence is
asserted in the present theorem.

For this function properties (1)—(4) are immediate. In order to prove
(5) we start from the fact that for each X the differential equation is satisfied
except on a set E) of zero measure. We denote by \’ the points of the X-plane
with rational codrdinates. We then define the set of zero measure

51= ZIE)".
Writing W)
P(x)=f(|px|+~~~+|pu|+1)dx,

we denote by €, the set of zero measure on which P’ does not exist, is infinite
or does not coincide with the integrand in the definition of P. We show that
we can set E=€,+E;,. We let 2’ be any point of (g, b) not in €, X any point
of the complex plane, and A\’ a point sufficiently close to \ that for all x on
(a, b) and for k=0, - - -, n—1, the inequalities

I a®(x,\) — u®(x,N)| <€, Nu(x,N) — Nu(z,\N)| <e

are true. We find

1 z=z'+h 1 z=z'+h|
lim sup |- u("“)(x,)\)] - —u("‘l)(x,)\')]
h-0 h =2z’ h Yl
1 peth % Y
= lim sup —f {puu("“)] + -4 p"u] -l-)\’u(x,)\’)—)\u(x,)\)}dx
h—0 hdJa A A
P(x' 4+ b)—P(x’
< elim ( )~ P(=) =eP'(x).
=0 h
Since
1 z=z'+h
lim - u("'”(x,)\’)] = —pu™D — ... — pu—Nu+r,
h-0 z=1z’
and since e can be taken arbitrarily small, we must have
1 z=z'+h
lim —-u"‘“l)(x,)\)] = —Hut D — ... —pu—Au+tr,
h—0 h p—

as we were to show.
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All the usual discussions of linear dependence and independence of
solutions, solutions satisfying given boundary conditions, Green’s function,
and so forth, can now be repeated for the general equation described in the
theorem.* We may note that a consideration of the linear dependence of
solutions would lead to a sharpening of Theorem II in that the set € could
be replaced by a set E, independent of the particular solution.

We turn next to another type of theorem. While that which we shall now
discuss differs but slightly from a less general theorem of Birkhoff in its
proof, we take the opportunity of giving a complete demonstration since
the details of the proof can be simplified for our purposes.{

We denote by S a sector of the type Ir/n<0=(+1)r/n, arg p=0,
where /=0, 1, 2, - - -, 2n—1. From the sector S we define a region T by
an arbitrary translation taking the vertex into the point —c¢, where c is a
complex constant. The » distinct roots of w"+1=0 can be written in the
order wy, - - -, w, such that forallpon T

R(p+ cw1) = R(p+ cws) = -+ - = R(p + cwn)

where the notation R( ) means, as usual, “the real part of”.} We commence
with two important lemmas. The first is

LeMMA I.  On the region T of the p-plane

dk a=t
— Lt < C [ plri]eeby, 0<tszs1,

a=1

dk a=n
LT wemt| sClplmn -] ewen], 0sestst,

a=i+1

for k=0, - - - ;m—1,¢=1, - - -, n. The constant C may be taken independent
of i and k.

We let C be chosen so that

| @i | <C, @a=1,--+,di=1,---,8,0<¢(<x=<1,

|ec(ui—wa)(z—£)| <C,a=i+1,- - ,ni=1,.-- , 0 xSt 1.
Then we have fora<zand forpon T

R(pwa) £ R(pws + cws — wa).

* For the usual existence theorems and subsequent developments, see Bdcher, Legons sur les
Méthodes de Sturm, Paris, 1917.

t Birkhoff, these Transactions, vol. 9 (1908), pp. 219-231.

1 Birkhoff, these Transactions, vol. 9 (1908), p. 381.
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Thus, if x2¢,

dk a=1 a=1 a=t
—— D waerealed) | < |p|k ZI eroata=d) | < |p| E |e<pa.-+c«r—;;)(z—e)
dxk a=1 a=1 a=1

SC|plti|ew=d|, 0st=sx=1,
as we were to show.
Again, starting from the inequality R(pwa.)=R(pw;+cwi—wa), a=1,
which is true on T, we derive the second inequality by analogous means.

In Lemma II we shall employ heavy-faced type to denote square matrices
of n? elements.* The statement of the lemma is as follows:

LemmA II.  IfQ(x) kas all its elements real or complex continuous functions
of x, 0=Sx <1, and +f K(x, &, p) has all its elements of the form p(E)k(x, &, p)
where
(1)  p(&) s a real or complex summable function, 0SE<1,;
(2) k(x, £ p) 1s continuous in x and £ for 02 E<x =1 and for 0Sx<EZ1,
and is analytic in p, |p| ZR on T;
@3) |k, & p)| Sk, 05251, 0<t<1, |o|ZR on T;
then there exists a matrix Z (x, p),0sx=<1, |p| sufficiently large on T,
whose elements are continuous in x and analytic in p, and which satisfies

Z(z,0) = Q) + —; [ 2,0 R (28, )d.
Furthermore,
.mmw=nuo+lﬂmwmeImamlgmuogxgn
ponT. ’

If U denotes the matrix all of whose elements are unity, we can write

1
la| < wU, f | K(z,t,0) |dE < pU.
0
We consider the infinite series
Z(x,p) = Q(x) +

el | 1 1
J— SN Q K .o ..
E pkj; ﬁ (gk_l) (Ek—2.£k—l,P) K(x,f,P)dfb-x df.

* For further details of notation see Birkhoffa nd Langer, Proceedings of the Ameri-
can Academy of Arts and Sciences, vol. 58 (1923), pp. 52-54.
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We see that the general term is in absolute value less than or equal to

1 nH-lwpk
- wpk UL = —_— U.
| o] ol
Thus if we take np/|p| <6< 1, the series converges absolutely and uniformly
in x and p. The individual terms are continuous in x# and analytic in p;
hence this is true of the elements of Z. By direct computation with this
series we find that

1 1
Z(x,0) = Q(x) + - f Z(,0) K(x,£,0)dE.
P Jo

We now let m(p) be the maximum value taken on by the elements of
Z(x, p) for 0=x=1. Then we have lZ(x, p)| Sm(p)U. From the integral
equation

1 nm(p)
|Z(x,p)|§wU+——PM(p)U2=(w+p )U.
le| o]
All the elements of the matrix on the right are equal; there is always some
element of the matrix on the left which for an appropriate value of x takes
on the value m(p). Hence

(o) S0+ —2" )<

| o]

w
-<m, |p|2R.
({2
11—
lel
Now we find the inequality

1 nmp
| Z(x,0) —Q(x)| £ ——m(p)pU = — U
| o | el
from which the rest of the lemma follows.
We come now to
THEOREM III. If po, - - -, pa are real or complex summable functions of

the real variable x, 0=x <1, and if p is a complex parameter, then the differential
equation u™ + k +pau» P+ - . o +p_ uV 4 (putp")u=0 has on any
region T of the complex p-plane, n linearly independent solutions analytic in

P, U1, + * +  Un, €xpressible with their first n—1 derivatives in the form
Eik(x P) .
u.-(’”(x,p) = Pkepwz<w‘k + —-,—) (1 = 17 RRPY k= 07 T, m— 1)7
p

where IEa‘ (x, p)| SMforallponT, |p| 2R, and for all x, 0=x < 1.
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We write the differential equation as
u™ 4 pry = — ?214(”"2) — e — P = — S'(u),

and proceed to solve this equation as though the right-hand side were known.
Thus

2 010910 . . . o gPn(z—D)
% = 167" | - - - + Cpefn® + f - S'(w)dt,
0 npn—l
where ¢;, - - -, ¢n are arbitrary constants. We now write

AR (l=1"")i)v
a=n 1 wae—pwae

a=a+ 3 f 22 Sy G=id1, - m.
a=it+1 Jo np”

We find at once

1 z a=t

% = €16P1% + -+« + Cpern® + —— > waeal==0S (u)dt
”p"_l [1] aml
1 z a=n
+ — D waeP*a =05 (u)d.
np™ 1 amir1
Next we let %; correspond to &= - -+ =¢ii=Csa= - - =6=0, é&=1.
We then put u® =pkereizzy fori=1, - - - ,mand k=0, - - - ,m—1. Thenitis

apparent that

1 z dk =1
preruitzy = wibprereis + ——— {_ 2 wa“"‘“(z-v}s'(u)df

np™~ o \da* .oy
1 z dk a=n ,
+ =[S S emaolsie.
np*~1J; Udx* ooy

On expressing S’ (%) in terms of the z;; this equation becomes
1 z dkF o=t
Zir = o +— J e"""”‘"p"‘{—k > waeﬂ"a("f)} {pzzs.n.z +
npJo

dx a=1
e

n—2

1 z dk a=1
+— c"““""p”‘{——k > wae”a“‘f)} {pzz.-.n-z +

npJ dx* ami1

R f:zzi,o}df-
P
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By Lemma I we see that this set of equations is precisely of the sort discussed
in Lemma II. Thus we obtain solutions #;, - - - , %, such that »®(x, p)
is continuous in x, 0<x <1, and analytic in p, [p| 2R, on T, for i=1, - - -,
n, k=0, ---,n—1, while

u.-(")(x,p) = p"e""’"{w;" + s E“‘I <M.

E.‘k(x,p)}
P

The functions %y, - - -, u, are clearly linearly independent for large |p|, by
their asymptotic form.

It remains for us to show that the u,, - - -, u, satisfy the differential
equation. We know that there exist solutions 4, - - - , %, of the differential
equation, linearly independent for all values of p; we need only apply
Theorem II taking #:®(0)=0; 441, ¢=1,---, n, k=0,.-., n—1. By
assigning appropriate values, analytic in p, to the coefficients ¢, - - - , é
of the integral equation above, we obtain particular equations satisfied by
ty, - -, #n. We show that any solution # for a similar equation in which
¢, + - -, . are constants can be expressed linearly in terms of #,, - - - , @,
and is consequently a solution of the differential equation. We write

U=u—cfiy — -+ — Cally,

z a=t

D waera =08 (U)d§

np™ 1 Jy  am1

U = Aer*1® + . . - + A4,ern% +

1 z a=n
+— D waeha==DS(U)dk.
np" 1 J1 amita
We see now that either (1) when the constants ¢, - - -, é are not all
zero, we can determine A4, - - -, A, identically zero by an appropriate
choice of Cy, - - -, Cn; or (2) we can take =0 and determine C,, - - -,

C, not all zero so that 4, - - -, A, are identically zero. Either possibility
leads us to study the equation last written down with the coefficients A4,
+ -+, A, taken equal to zero. On writing U‘® =pkervsz Z, we find

1 z dk a=i
Zy = f p—ke—ﬂui(z—f){_— Z waepua(zhf)} {pzp,.—gzn_z +
0

”pn—l dx" a=1
co o+ paZo}dt
l - dk a=n
npm1 J, dx¥ .o

-+ -+ paZo}dt.
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If m(p) is the maximum value taken on by |Zi(x, p)|, 0<% <1, k=0, - - -,
n—1, Lemma I enables us to conclude that
1 z n
|zk|§maf{|p2|+ - {”I | }ds m(p)
ST | 2]
+- i) Lipl+ - T % e
For some values of z and k we can always write |Zi| =m(p), so that
ne) S mo) T | {lpzl +oo Ilﬁzlz}dé < mip) & E

This is impossible for large values of |p| unless 7(p) =0. Thus U =0. Under
the second of the two alternatives above we should have Ci#,+ - - - +Coutin
identically zero without havingC,, - - -,C, all identically zero. By hypothesis
this is impossible. The first alternative alone is possible. Consequently

we have u=Culi+ - - - +Cuii, as we wished to show. We may remark
that, since the coefficients ¢y, - - -, ¢ associated with » were assumed to be
constants, we can assert that Cy, - - -, C, are analytic for all p of sufficiently

great absolute value so that u is also analytic in p. This completes the

theorem.
We shall need in some of our work a slightly more detailed form of the

theorem actually stated by Birkhoff.

TrHEOREM III'. If po, - - -, pa are real or complex functions of the real
variable x, 0 <x =<1, continuous together with their derivatives of all orders,
and if p is a complex parameter, then the differential equation

w4 S pouD - pou® + (pa + o7 = 0

has on any region T of the complex p-plane n linearly independent solutions
analytic in p, wy, - - - , Un, expressible with all their derivatives in the form
' Au(x) | Ealx,p)
(k) ik k
A0 (a0) = (uromef 14 5 TS 4 ST

=1 (pwsi)t pmtt

(1'=1"")n;k’m=0,l)27"');

wnere Ayu(x) is continuous together with its derivatives of all orders and
Ea(x, p) is bounded for all p on T, |p| =R, and all x on (0, 1). The func-
tions Au(x) may be taken independent of the particular region T.

To demonstrate this theorem we first determine a function

wi(x,p) = €#® { 1+ 'i” An(®) }

=1 (Pwl)l
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with the property that when substituted in the differential expression which
is the left-hand member in our differential equation it gives rise to a series
in powers of p beginning with a term in (pw;)* ™2 at most. Since the substi-
tution of pw;/w, for p in the differential expression does not change it, the
functions #;=14:(%, pw;/w) have the same property. Taking 4, - - - , %,
as approximants to #;, - - - , #, we then apply the reasoning of Birkhofi’s
paper to establish the theorem for £=0, - - - , #—1. For k=# we substitute
the asymptotic forms thus obtained in the differential equation; for k=n-+1
we differentiate the equation once with respect to x and substitute the forms
previously determined; continuing thus, we establish the theorem for all
values of £ by induction. Since the same functions #, numbered in accordance
with the ordering of the constants w, can be employed for any other region
T, the functions 4 ;(x) are independent of the particular region.

We may notice that, if we determine beforehand the integer # and the
greatest value of 2 which we wish to employ, the functions p,, - - -, P
do not need to be taken as continuous with continuous derivatives of all
orders in applications of this theorem. For the sake of simplifying a dis-
cussion sufficiently complicated in other ways we make this more restrictive
assumption.

II. THE GENERAL PROBLEM

The general problem which we shall discuss arises from a linear homogen-
eous differential system of the nth order:

u(")-i-*+p2u("‘2)+"'+(Pn+)\)“=0, Oéxél’

Wi(w) =0, L yWa(u) =0,
where Wy(u), - - -, Wa.(u) are linearly independent homogeneous linear forms
in u(0), - - -, u™D(0), u(1), - - -, V(1) with real or complex constant

coefficients. There is no loss of generality in restricting attention to the
unit interval. As we have already pointed out in §I there is associated with
this system a Green’s function except when the boundary conditions are
identically satisfied by some solution of the differential equation; this
Green’s function will have the essential properties of the Green’s function
defined in the case of an equation with continuous coefficients. We now make
the assumption that the Green’s function G(x, ¥; N\) has infinitely many
poles in the A-plane, \;, Ay, - - -, which can be arranged so that [\| < ||
< - -, lim, o[\ |=. Welet R,(x, ) be the residue at A=\, ; considered
as a function of x, this residue satisfies the differential system for A=A\,.
We next define a system of circles Ci, Cy, - - -, with centers at A=0 and radii
Ay, Ay, - - - forming a monotone sequence with limit + . We may suppose




708 M. H. STONE [October

further that the region between two consecutive circles of the system contains
at least one pole of G and as few others as possible. No pole shall lie on any
of the circles C. For any function f(x) summable on (0, 1), and for that branch
of the function [1—(A*/A,*)]**! reducing to 1 at the origin, we consider the
behavior of the integrals

1 o 1 N4\ B
— — 1— G ) ;)\d)\d, lgo,
P j;f(y)fcy( A:> (x,7 5 Ndrdy

1 fo o) fc Gly, 5 Ndy,

1
27
as »—o. By the theory of residues these expressions are respectively

a=n, x‘: k+1 1 01:
S (1-25) " [ 0 Relwa,
0 dx

a=1 A#

a=n, 1
2 | JO)R(y,)dy,
where 7, is the number of poles of the Green’s function in the circle C,.

To compare these expressions, suitably restricted in the case k#0, with
corresponding expressions in the theory of Fourier series we construct a
differential system of order » for which the integrals and series just described
become Fourier series. We then study the difference of the corresponding
expressions formed for the two differential systems.

We shall, in the present paper, restrict ourselves to those differential
systems for which the boundary conditions Wy, - - -, W,, after being reduced
to their normal form, are regular according to Birkhoff’s definition.* The
differential system from which we obtain the Fourier series will be of this
type. At a later time we shall come back to the irregular cases, n=2.

Our fundamental tool for this investigation is a theorem due to Lebesgue.{
It is sufficient for our purposes to quote it, with minor modifications.

THEOREM IV. Let there be given a funciion ¢(x, y, v) defined for x and y
on the interval (a, b) and for real positive values of v belonging to a set N one
of whose limit points is + o ; and let ¢ be summable in y for each pair of values
(%, v). Then a sufficient condition that, as v becomes infinite in any manner
in N,

gngoff(y)fb(x,y,v)dy =0

* For the terms normal and regular, see Birkhoff, these Transactions, vol. 9 (1908), pp.
382-383.
t Lebesgue, Annales de Toulouse, ser. 3, vol. 1 (1909), pp. 52-55.
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uniformly for all x belonging to a set E on (a, b), f(x) being any summable
Sfunction, is that

1) o, 9, v)| <M for all v in N and for all x in E, except for values of v
on a set E' of zero measure;
(2) lim,.e ffq&(x, v, v)dy =0 uniformly for x in E, a<a<B<b.

Lebesgue also shows these conditions necessary, but we shall not use this
fact.

III. FOURIER SERIES

We find in the following theorem a generalisation of facts well known in
the cases =1 and n=2:

THEOREM V. The expansion problem associated with the differential
system
4™ 4 M =0,
#(0) — »(1) = 0,
#(»=1(0) — u*-1(1) = 0,
in which the boundary conditions are regular, gives rise to Fourier series.

The regularity of the boundary conditions is a matter of direct computa-
tion which we omit. For the case where # is even this has been carried
through elsewhere.*

We first determine the values of X for which the differential system has
solutions not identically zero. When A =0, it is clear that the only solution of
the system is the solution #=constant. When A0 we make the substi-
tution A=p~. Choosing 7 linearly independent solutions of the differential

equation, u;=e*“r?, - - - | u,=ef*s*, we find all the other characteristic
values of A=p" from the roots of the equation

#1(0) — u1(1) <o o ua(0) —uu(1)

( n—1) — y(n—1) e e o gy(n—1) —_ (n—1)
WD) — WD) - - wP0) — wlr(1)
= anﬂ("—l)/2(1 —gﬂ“l) [ (1 _eP"n)

where @, is a constant not zero. The roots of this equation other than p=0
are p=2vmifwy, k=1,--- , n, =41, £2,.... The corresponding

values of N are A= — Qvmi)*, v==%1, +2, - - -.

* Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912), p. 359.
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Hence the Green’s function G(x, y; N) exists for this differential system.
We consider separately the two cases n=2u—1, n=2yu.
Case I. n=2u—1. Corresponding to A=\,=— (2vmi)", G(x, y, N\) has
a residue R,(x, y); and the differential system a solution €%, =0, +1,
. We use these facts to obtain a development of R,(x, y), considered
as a function of y, in Fourier series. By a fundamental property of Green’s
function we have

1
(k - )\,,) f ezy'tiyc(x’y ; )\)dy = e'riz,
)

We divide this equation by 277(A —\,-) and integrate both sides of the result-
ing equality with respect to N over a small circle surrounding the point
A=\,. We obtain

1 e2vriz y' =y
e’ TR, (x,y)dy = ’ :
J; (x,5)dy { 0 , s v}

If we form the corresponding equations for —»’, add them to those just
written down and divide by two, we find

% eTiz Y =

fosamnio {17 222
cos 2v'ryR,(x, = .
i y Ndy =9 iy

In the same way

i
— Eebtsz’ V, + v

L .
i
fsin 2'ryR,(x,y)dy = { + Ee”'", Y= =
o

0 , VFE +w

Hence we see that R,(x, y) =e?*ie—0 p=0, +1, £2, - - - . If now we let
Co be a circle with center at the origin in the N-plane, including no other pole
of G(x, y; \), C1 a concentric circle including also A, A_;, and so on, we have
to consider the expressions

2ri dx* ff(y)j; (1 - T)Hl("(x ¥y ; NdAdy,

— [1) [ 6% Nray.
wl. Jo c,
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On writing A, = (27w,)" and denoting by [w,] the greatest integer less than
w,, we see that the first integral reduces to

a=[wy] atm\ kil
f(y)dy 12y ( ———) f 1) 5 o am(x = 3)dy,

a=1

and the second to a similar series. We recognize the Fourier series for the
interval (0,1).

Case II. n=2u. For N=\,=—(2vmi)*, »=0, 1, 2, - - - , the Green’s
function has residues R,(x, ¥); and the differential system has solutions
cos 2ywx, sin 2vwx. From the identities

1
nN=»N) f cos 2v'wryG(x,y ; N)dy = cos 2v'xy,
0

1
=N f sin 2V'wyG(x,y ; N)dy = sin 2v'rx,
0

we obtain, as in Case I, the Fourier development of R,(x, ¥) considered as a
function of y. It turns out that

Ro(x,y) =1, R,(x,y) =2cos2vm(x —v), v»=1,2,

As in Case I, the expansion problems lead us directly to Fourier series for
the interval (0, 1).

To make clear the nature of the expressions involving factors of the form
[1— (a#*/w*) J¥+ we give references to the literature from which the following
theorem may be proved:

TrEOREM VI. Let uo(x)+ui(x)+us(x)+ - - - be an infinite series whose
terms are real functions of the real variable x, a<x <b. Then the expressions

524 ()= %(1 - ‘i;)sua(x)

a=0

where Q=wA, A>0,8=0, are the Riesz typical means of the ﬁrst kind of order
8 and type o for the infinite series in question. If hmn.°° Sh® exists and is
equal to U (x), the infinile series is said to be summable (® ,8) at the point x to
the value U (x). Summabzlzty (a?, 8) implies summability (o, 8) to the same
value; if the summability (o, 8) is uniform for a certain range of values of x,
then the summability (o, 8) is also uniform for that range. Likewise, summa-
bility (o, 8) implies summability (a®, 8") to the same value if 8 =8, with similar
remarks on uniform summability. The means S '(x) are equivalent to the
Cesdro means for integral & and their generalisations for arbitrary &; that is to
say, summability (a, 6) implies summability C(8) to the same value, and con-
versely, with remarks on uniform summability like those previously made.
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Riesz’s typical means are discussed in some detail in a joint work of Hardy
and Riesz,* where further references are given.t The series there considered
are series of constants; but the extension of the methods employed to
questions of uniform summability when series of functions are involved
requires merely appropriate modification of Lemmas 4, 5, 7, 8. Theorem
16 gives the relation between summability (o, §) and summability (a?, 8")
when 8’=8. The relation between summability (o*, ) and summability
(aA', ) is a special case of the theorem stated in the second foot-note on
page 33; a proof of this fact could be modeled on that of Theorem 17. The
comparison of summability («, 6) with summability C(6) follows a paper of
Riesz.] We add the

COROLLARY I. Summability (o, 8) and summability C(8) are completely
equivalent with respect to summability at a point and uniform summability
over a set of points; each implies the other.

The importance of this corollary is due to the fact that the known results
concerning the Cesiro summability of Fourier series and its term-by-term
derived series can be carried over to summability by the Riesz means, which
are better suited to the form of Fourier series which we shall discuss under
Theorem V. We shall then be able to carry these results over to the general
Birkhoff series by the intervention of this corollary and Theorem V.

IV. BIRKHOFF SERIES FOR #=2u—1

Distinct differences between the case when # is odd and the case when
n is even make it necessary to consider each case separately. The methods
employed in the two cases are virtually the same; we therefore give a com-
plete study of the case #=2u—1 and then describe the necessary changes
in mode of attack and in statement of theorems in the case #n=2u.

By our hypotheses, the differential system considered is

u(n)+*+p2u(n—2)+ "'+(Pn+>\)“=0,
Wiu) =0, ---, Wolu) =0, n=2u—1,

* Hardy and Marcel Riesz, The General Theory of Dirichlet’s Series (Cambridge Tracts, No. 18,
1915), Chapters IV and V.

t See especially Marcel Riesz, Sur les séries de Dirichlet et les séries entiéres, Comptes Rendus,
vol. 149 (1909), pp. 909-912.

} Marcel Riesz, Une méthode de tion équivalente d la méthode des moyens arithmétiques,
Comptes Rendus, vol. 152 (1911), pp. 1651-1654.
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where
W) = au®(0) + Bul(1) + - - -,
B 12 k2 ka2 2k, ki i,
and oy, - - -, @n, B1, - - -, B, k1, - - -, ka are subjected to certain conditions

in accordance with the definition of regularity.* On making the substitution
A =p" we are led to consider instead of the entire M\-plane a corresponding
sector of the p-plane, which we shall take as composed of two adjacent
sectors S: R(pw1) S R(pwz) < - - - = R(pwn), arising, of course, from distinct
orderings of the constants w; this region we call Z. The sector .S is a region
T of §I for c=0. We recall now the facts concerning the asymptotic dis-
tribution of the values of p giving rise to the characteristic values of A.
On an arbitrary sector S these values of p lie asymptotically near points
equally spaced at distance 27 along a line parallel to the bisecting ray of
S; there is one and only one value of p near each of these points when |p|
is large; and the corresponding values of N are simple characteristic values
of the differential system.{}

We wish to compare any two given differential systems of order n=2p—1.
From the p-plane we remove all the points which give characteristic values
of one system or the other of the two which we are comparing; we do this
by removing the interiors of circles ¢ of arbitrarily small radius ¢, one
described about each such point as center. The portions of S, T which
remain we denote by S’, Z’. We then denote by T any circular arc on 2’
with center at the origin terminated by the rectilinear portions of the
boundary of 2’. The image of T in the A-plane is a circle C; the totality of
such circles C forms an infinite set of concentric annular regions, none of
which contains a characteristic value. From the behavior of the characteristic
values for large [\| we see that the large circles of the set Ci, C, Cs, - - -
as described in §II can be selected as circles C; thisis true simultaneously
for the two differential systems we are considering.

The region S is such that on it}

R(pwr) < Rlpwz) £ -+ - = Rlpwu1) £ — B <0;
R(pws) = 0 on the bisecting ray of S;
R(pwn) = - - - = Rlpwus1) Z B> 0.

* Birkhoff, these Transactions, vol. 9 (1908), p. 383.

t Birkhoff, these Transactions, vol. 9 (1908), pp. 383-386.
} Birkhoff, these Transactions, vol. 9 (1908), p. 384.
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We therefore denote by S; that part of S for which R(pw,) <0; the part for
which R(pw,) 20 by S.. The notations S,’, S;’ can be introduced according
to the principle previously employed. The portions of T on S’, Sy/, Sy/,
we shall call v, v, v. respectively. The common radius of these arcs we
denote by R.

We now prove several preparatory lemmas.

Lemma II1.  If m (%, 9, p) is a function of x, y, and p bounded for a <x <V,
a<y=b, and for all p on S’ such that 0' < arg p<0’’; and if a is any arc of
v between 0" and 0'', then the integral fom(x, v, p) dp/p is a bounded function
of x,a<x=b,y,a<y=<b, and R.

We have
TS
m—
a P

Lemma IV. If m(x, p) is a function of x and p bounded for a<x<b,
0<a<b<1,andforallpon S’ suchthat @' < argp=<0'', then

< Mfda S M@ - 9).

lim | p*ers*m(x,p)dp = 0 GG=1,---,u—-1)),
RooJ,
lim Pkew‘(z_l)m(xyp)dp =0 (t=p+1,---,mn),
Rowd 4

uniformly, 0<a=x=<b<1, for any positive k.

We let 6 be the lesser of @, 1 —5. Then

fp"e"""mdp ’ = MR¥1 R d§ < MRH1eRF}G" — 6') >0

when z=1, - - -, u—1; and

f prervi G dp
a

when 2=p+1, - - - | n.

< M(8" — ¢")R¥+1e—R8 — 0
= M( )

LeEMMA V. If m(x, p) is a function of x and p bounded for 0<a<x<b<1,
and for all p on S, then

p4n k+1
f p"(l - Rh) e*s*m(x,p)dp

for any k=0, (1) is uniformly bounded for all o on v, and all x on (a, b) if
120,and (2) approaches zero uniformly as R— if 1>0. If m(x,p) is a function
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of x and p bounded for x on (a, b) and for all p on Sy’ similar statements are true

of the integral
p4n k+1
f p"(l — E‘;) ern@=Vm(x,p)dp.

In the case of the first integral we introduce an angle ¢ measured from
the bisecting ray of S as initial direction, with the positive sense in S;.
We then see that we can write

pw, = iReid,
T
0<¢/2<sing, 0<¢=—
2n
0§|1_84ni¢lk+l§ N+t 0§¢§1‘
2n

We find

p4n k+1
f 4 (1—1{4") erutmap l

"

k+1 — pini¢)k+1lp(k+1)i¢p— RxsingpiRxcos ¢
€ € (4 (4 m

x/[2n x/2n
< Mf Rk+1| 1 — e4ni¢|k+le—m¢/2d¢ < MN Rk+1¢k+le—m¢/zd¢
0 0

M *R/2n MN %
- —_— k+le—65I2d é __f k+le-65/2d [
) 3 3 I OE 3
This establishes the first result. The second integral can be treated in pre-
cisely similar fashion.

LemMa VL. If m(x, y, p) is bounded 0<x<1, 0=y=<1, for all p on S,

then
f fe'“"("”) ,y,p)
approaches zero uniformly, i=1, - - -, p, 0sa<x=1, and i=p+1, - - -, n,
0=x=<a=xl;and
f few(z u)_(x 7,0) dpdy
approaches zero uniformly, i=1, - - -, p—1, 02 =1, and i=p, - - - 1,

0sx=a=zl.
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We have wheni=1, .- - - u—1,05asx=1,

z m z */2n
f f erie=v) — dpdyl < f f e REG=v Mdpdy
a Vg P a 0

aM 1 — ¢ Ef(z—a) M
=— = — 0.

2n RB T 2Rpn

Similar reasoning applies when i=p+1, - - - ,#, 0Sx<a<1. The integrals
over v, i#u, are discussed in the same way.
When 7 =p the treatment is slightly different. For0Sa<z=<1

m x/2n
epou(z—y)— dpdyl < f f e~ BeG—0 2 M dedy
P a ]

1 — e—rl?.(z—y)/'in M R(z—a) 1 — e“"’f“"
=M f gy == f —
R(x - y) R a f

R 1 — ¢ mkl/4n M
Rf —d£=}0(logk)-—>0.

By analogous means we obtain the corresponding result for the integral
OVEr ;.
We can now demonstrate

TraeorEM VII. If G and G are the Greew's functions for any two regular
differential systems of order n=2u—1, then for any region S’ the integral

p4n l _ _

[t = 20) 60,3 5 99 = G,y s 09 o
b

is bounded for all yon S’, 0=y=<1,0<a=x=2b<1, for 1 20.

We first recall the explicit form of the Green’s function, which we know
to exist in the present case. We have

wi(x) - - - u(x)  glx,y)

Wilwy) - - - Wi(ua) Wl(g)

o (=D Wawy) - - - Wa(ue) Walg)
G(x,)’ )y P )— Wl(ul) L. Wl( 'un)
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where %y, - - - , 4, are n linearly independent solutions of the differential
equation and
li=n 1 i=n
sz, = {3 2 w0 s = 5 2w},
i=1 i=1

the notation {4; B} indicating that 4 is to be taken if x>y, B if x<y,

and the functions vy, - - - , v, being defined by the identity in 71, - - - , 7a
ui(y) © o ua(y)
ulmD(y) - - - ufvD(y)
5) + - -+ raa(y) = —— S
T101(y Cee T.0n(y) =
o mw(y o wa(y)
w7 0(y) - - - udU(y)

We shall take %, - - -, %, as the functions defined in Theorem III for the
sector S. Itis then possible to determine the asymptotic form of the Green’s
function on S;’and S’ in sufficient detail that the present theorem is apparent
from the lemmas just established.

Case I. ponS:. We multiply the first 4 columns in the numerator of
G by 3u.(y), - - -, $v.(y), respectively, the next u—1 columns by —3v,41(y),

-, —3v.(v) and add to the lasc. We then take the first term in the new
last column outside the determinant. The result of substituting the asymp

totic forms of w,, - + -, %n, vy, - - -, v, in the expression thus obtained is*
=u i=n Al
w6 ={ = Eemevlo] i+ B onevlalh 4 S
i=1 et [60] + e#~¢[04]

where A; is a determinant of order #+1, in which the element a,;, £=0,

- -,mj=1,-. ., n+1, may be described as follows:
Go; = epw,'z[l]’j = 1, Ct oty K300, eP“"i("_l)[l],j =u+1,---,n;
Qo ,nt1 = 0;
and for k=1, - - -, n

Ahj = [ah“’i“]»j =1, ,u—1;an= [ah“’u“] + ew"[ﬁh"’ukh] N
=u

ani= [Brwir], i =p+1, -, n; ara = D e [Bukhi]
t=1

i=n
— Z e Pwiy [ahwikh'f-l] .
t=p4-1

* Birkhoff, these Transactions, vol. 9 (1908) pp. 389-395.
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The notation [ ] is used to indicate the leading term of the asymptotic
form in question. The exponential terms in the determinant A, are bounded
for all x and y on (0, 1) and for all p on Si; and 1/{[80]+e**{6.]}, in which
60 6,0 by the regularity of the boundary conditions, is bounded for all
p on S;’.* Hence we are able to write

p4n l i=u
(1 —_ El:) <np"_lG — { Z epwilz— y)w ; + Z ePwilz—y)y, })
=1 t=p+1
izn mi(x, i=n mi(x
{ E epw.(z v) ;( y’p)_ ; + Z eﬂwi(-‘!—ll) t_(.ifl}

i=1 P i=pt1 P

+ 35 emieit (e, ,0) + Z i =M (2,9, p)
=1 t=p+1
where 7 and M denote functions bounded for all x and y on (0, 1) and for
all pon Sy’. Thus, by Lemmas III, IV, V we see that

p4n l i=p
f (1 - __> <np"_lG — { Z erei(z=v)gy, - ; + E ePwi(z=y) gy, }dp
v Rin i=p+1

is bounded 0<y=<1, 0<a=<x=b<1, for all v; on S,’. The application of
Lemma III, it should be observed, is made to the bracket term on the right,
which is clearly of the form m/p for all x and y on (0, 1) and all p on S;.

Of course, in the result just obtained we may replace G by G; a combina-
tionof the facts thus established shows that the integral

pdn !
npn1 (1 — ~—) G — G)dp
S (-

is bounded 0<y=<1,0<e=<x=b<1, for all v, on S/, I =0.

Case II. p on S;’. We now multiply the first u—1 columns in the nu-
merator determinant of G by 3un(y), - - -, 3v..1(y) respectively, the next
p columns by —4v,(y), - - -, —3v.(y), and add to the last. We then continue
as in Case I, finding

i=u—1 i=n A,
np™1G = { - ervite) [, | 5 + erviz=v) [, } 4
g [ ] E [w ] [oo]e-’““ + [01]
where A, differs from A; in Case I in having the definition of ax, replaced
by

Qou = epw"(z_l)[ll y Chu = e_pw"[ah“’nk"] + [lsh“’nkh]r h=1,---,mn,

* Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 36 (1913), pp. 120-121.
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and in having the sums in the definition of a; a1, #>0, extended from =1
to i=p—1 and from ¢=pu to ¢=n respectively. The exponential terms in
the determinant A; are bounded for all x and y on (0, 1) and for all p on
S,’; and 1/ {[8o)e~>=»+[6,]} is bounded for all p on Sy’. The reasoning now
proceeds as in Case I. Thus we see that the integral

p4n l _
np"—l(l - ——) (G — G)dp
L’ R4n

isbounded 0=<y=<1,0<a=x=<b<1,forally,onS;’, =0.

By combining the facts in Cases I and II we obtain the theorem as stated
for the integral over o on S’. Since S’ is arbitrary the result holds also for
the arc I on 2’ and can be interpreted in terms of the circles C in the A-plane.

We next demonstrate

THEOREM VIIL. Under the hypotheses of Theorem VII, the integral

4n

8 pin\ ! _
f fnp"“(l - P;) G(x,y; p") — G(x,5 5 p))dpdy,
@ v

where 120 and 0=a<B=1, has the limit zero as R—x , uniformly 0 <e=<x
<b<l1.

We split the integral over (o, B) into the sum of the integrals over (e, x)
and (x, B); since the last two integrals are of the same form we consider but
one of them.

Case I. ponvy,. We employ the asymptotic form of #p*~'G obtained in
the preceding theorem. In the determinant A, the variable y occurs only
in the last column so that the integration with respect to y can be performed
directly in the determinant. We see at once that

« m ePwi(l=z) _ ppwi(l—a)
f emw(l + _)dy =
z P pw;

+ fael"ﬁ(’—v)ﬁ.dy =
z P

m(x,,p)

for allx and ¢ on (0, 1) and forpon v;,2=1, - - -, u; and that

* m m(x,a,
[ (1 +_> ay = MEar)
z P R

for all x and @ on (0, 1) and for pon vy, 2=u+1, - - -, n. Hence we see that
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=u i=n
f f ( -— .__) (np"_lG —_ { — E erwi(z=)y, -+ 4 Z ePui(z=v) gy, })dpdy
7 i=1 f=pt1

f f { 32 D epuitaw) _____.(x y,p) ‘i':‘ pwi(z—y) mi= ’y’p)}d dy
t=1 P |.=n+l P

+ —l_ ( Z: e i(%,,p) + E epw‘(z_l)miﬁi(xra;p))dp'
R 7 =1 t==p4-1
The two expressions on the right of this equation approach zero uniformly
asR—o,0<e=x=<b<1, by Lemmas IV, V, VI.

We can replace G by G in this result; and we may write 8 instead of a.
Thus it follows that

Y] p4n 1 _
1 n—1 —_— e An) — . pn =
dim j; I“"P (1 Rh) (G(x,y; o) — G(x,y ; p™))dedy = 0

uniformly 0<e=<x=<b<1.

Case II. p on y,. We must use here the asymptotic form of np"1G
employed in Case II of the preceding theorem. We separate the integral
over (a, B) into two parts as in Case I, and then perform the integration
with respect to y in the last column of the determinant A;. On expanding the
determinant we have

a 4n\ 1 t=p—1 i=n
f f (1 - ;“) (np"‘lG - { — D e s 4 Y e"""("”)w;})dpdy
z Joyy

1=1 t=u
= faf { '%—ew.(z-w (x y,p) ,..|_ i pws (z—y) M)}d d
z vy 4

i=1 14 =p
l f=p—1 i=n
+— ( 3 iy, a,p) + O e»««<=—»m,.+..<x,a,,,))d,,.
R Yo =1 t=p

By Lemmas IV, V, VI, the expressions on the right approach zero uniformly
as R—wo,0<a=<x=<b<1. Thus, asin Case I,

p4n l _
lim f f np"_l(l - ———) (G = G)dpdy = 0
R—o0 a Ju, Ri4n

uniformly, 0<a<x<b<1.

From Cases I and II we conclude the truth of the present theorem. By
the arbitrariness of the sector S’ the theorem remains true if the integration
with respect to p takes place over T.
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From the two theorems just established there follows

TraEOREM IX. If f(x) is any summable function defined on (0, 1) and if
120, then

R_m ff(y)f npﬂ-( — ——) (G(x,y; p™) — G(x,y ; p*))dpdy = 0,

4 l
A—0 ° c A4
uniformly, 0<e<x<b<1.

We see at once that Theorems VII and VIII together give us the sufficient
conditions of Theorem IV and therefore establish the present theorem with
regard to the first integral. Since the sector S’ is arbitrary the arc ¥ may
be replaced by T in the first integral; and then a return to the variable A
gives the second integral.

Theorem IX clearly yields a large amount of information concerning the
behavior of the expansions arising from two distinct regular differential
systems of order n=2u—1. There is one point, however, which we desire
to examine before stating our final theorems on the comparison of these
expansions. If we let N4, N be the number of residues of the two Green’s
functions G and G respectively arising from poles in the circle C of radius
A, we clearly have | Vs — N | < K independent of A, though it is not necessary
that Ny=Na. Thus the expansions determined by the integrals over C
are not compared term-by-term in Theorem IX in general. In order to
compare the sums given by the first IV residues in the two cases we clearly
need to obtain a generalization of the theorem of Riemann-Lebesgue, familiar
in the theory of Fourier series: we need to show that the sum of any limited
number of terms of the expansion becomes arbitrarily small when each term
of the sum arises from a pole of G sufficiently removed from the origin. This
is the aim of the theorems which succeed.

THEOREM X. The residues of the Green’s function for a regular differential
system of order n =2u—1 are a set of functions of x and y uniformly bounded
for all x and y on (0, 1).

On the region S’, np"'G(x, y; p*) is uniformly bounded for all x and y
on (0, 1), as we sze from the asymptotic forms discussed in Theorem VII.
Now we can compute any desired residue of the Green’s function by evaluat-
ing the integral
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1
R,(x, :V) = é’;}f np"~'G(x,y ; p™)dp

taken over the circumference of the circle o of radius e described about the
corresponding pole of G in the region 2 ; the circles ¢ remote from the origin
lie entirely interior to a region S. Thus we find |R,(x, )| <Me for all »
and yon (0,1), »=1,2, - - -.

THEOREM XI1. Under the kypotheses of Theorem X, the integral

1
Z‘Eff”l’"*la(x,y ; p™)dpdy =va(x,y)d)’

approaches zero uniformly, 0<x =<1, as the center of the circle o recedes in-
definitely from the origin. We suppose 0=a<f=1.

As in Theorem VIII we divide the integral over («, 8) into integrals over
(o, x) and (x, B), of which we consider only one in detail. We then show that

on S’ we have

* m(x
f np"1G(x,y ; p")dy = M). .

2xMe
f np"'G(x,y ; p™)dy | = 7

where R’ is the shortest distance from the origin to the circle o.

Case I. p on S,. We refer once again to the asymptotic form of
np"'G(x, y; p*) givenin Case I of Theorem VII. We perform the integration
with respect to y directly in the determinant A, as in Theorem VIII and find
that the contribution of this term is of the form m(x, @, p)/p, just as before.
It remains to treat the bracket terms in the asymptotic form. We have

* m; 1 — epwi(z—a) a ma mix. o
few;(z—y) (w; + _') dy = BT (PR dy = i(x,a,p)
P

It follows that

z p z P P
forpon S, 0sasx=<1,i=1, .-, pu;and
f erwi(z—y) (w'. + @.’) dy = M
z p P

forpon Sy, 0sx<a=<1,i=p+1, - - -, n. Hence, the bracket terms also
contribute an expression of the form m(x, e, p)/p, p on Sy’, for all x and a on
(0, 1). Consequently on S,’ we have

f no"1G(x,y ; p")dy =

z

m(x,a,p)
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Case II. pon.S,;’. The procedure is the same as in Case I except for the
difference of the two sectors with regard to the constant w,.

As we have already pointed out, the theorem flows at once from the results
of Cases I and II.

We now obtain the generalised theorem of Riemann-Lebesgue:

TrEOREM XII. If the hypotheses of Theorem X are fulfilled, amc if
f(x) is any summable function on (0, 1), then

1 1
—*J 36 f np"~1G(2,y ; p")dpdy
2xiJo c

approaches zero uniformly, 0=x =<1, as the center of the circle o recedes in-
definitely from the origin. In other words, if R,(x, y) is the residue of G(x, y;\)
corresponding to the pole N=NX\,, then

lilf_? of(y)R-(x, )dy = 0

uniformly, 0<x<1.

The theorem is established at once by comparing Theorems IV, X, XI.
We can now make the following fundamental assertion:*

THEOREM XIII. On any closed interval (a, b) completely interior to
(0, 1) the term-by-term difference of the expansions formed for any summable
function f(x} in comnection with two regular differential systems of order
n=2u—1 converges uniformly to zero. These series we shall call Birkhoff
series of order n=2u—1; and we may restate the preceding result, saying that
any two Birkhoff series of order n =2u— 1 are equivalent on (a, b). In particular,
Birkhoff series of order n=2u—1 are equivalent to Fourier series on (a, b).

The material on which the proof rests is to be found in Theorems V,
IX, XII. If we take /=0 in Theorem IX we find that

1 1 —
;Jo 1) fc G(x,y ;N — G(z, ; N)drdy

gives the difference of N, terms of one series and Na of the other, and
approaches zero uniformly on (g, ) as A—»». By Theorem XII we can re-

* Tamarkin, D. E., Chapter V, has shown the truth of the last statement here, without actually
discussing the term-by-term difference of the two series; his statement of the result is found in
Lemma 6, where we have p=1, wi(x)=1/n, ¢=2r, l”'k, =1,
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move a limited number of terms from each series without affecting the uniform
convergence of their difference to zero, provided that the terms removed
correspond to poles of the Green’s functions which recede indefinitely from
the origin. Because of the regular distribution of the poles of the two Green’s
functions, we can always do this in such wise that we obtain the term-by-
term difference of the first V terms of the two series, which therefore con-
verges uniformly to zero on (a, b) as N becomes infinite, passing through all
positive integral values. Theorem V tells us that the Fourier series is a
special case of the Birkhoff series of order »=2u—1, and therefore justifies
the last statement of the theorem.

The consequences of this theorem are so important that it is worthwhile
to describe them in detail. The theorem means essentially that on any
interval (a, b) interior to (0, 1) any two Birkhoff series of order #»=2u—1
have exactly the same behavior and both behave like Fourier series. In
particular, properties of Fourier series such as uniform and non-uniform
convergence, divergence, oscillation, uniform and non-uniform summability,
are carried over directly to Birkhoff series. The various tests for the conver-
gence and summability of Fourier series apply also to Birkhoff series.
We conclude the existence of continuous functions whose Birkhoff series
converge non-uniformly or diverge. Gibbs’ phenomenon is common to
Fourier series and Birkhoff series. The theorems of Fejér-Chapman and
Lebesgue-Hardy are true for Birkhoff series. Another important fact
which we may observe is that the behavior of Birkhoff series at any interior
point of (0, 1) depends only upon the nature of the expanded function in the
neighborhood of that point.

It is also in place to note that, for the class of all summable functions,
this result is the strongest that can be obtained. The equivalence cannot
be extended to the entire interval (0, 1) as can be shown by an example.*

In the preceding paragraphs we mentioned the theorems of Fejér-
Chapman and Lebesgue-Hardy, which are concerned with the Cesaro
summability of Fourier series. Itisnot withoutinterest to apply our methods
to prove these theorems. To accomplish this we need a lemma whose truth
is suggested by facts from the theory of Bessel functions.

Lemma VII. The function

+1 1
®(a) = f (1 — ¢¥)letatdgp = Zf (1 — ¢*'cosapdp, 1= 0,
0

—1

* Stone, these Transactions, vol. 26 (1924), pp. 335-355, § II.
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satisfies the inequalities
|#(@)| =K, 0Sa=<1; |®@)]| =< Ka?!, a21,

where K is a suttably chosen positive constant.

The first inequality is obvious; the second we demonstrate by contour
integration in the complex ¢-plane. We may describe the contour as the
boundary of the simply-connected closed region obtained from the rectangle
with vertices —1, +1, +1—0i, —1—07, >0, by the introduction of a cut
along the negative axis of imaginaries from —z to —g¢z. In this region the
function (1—¢*)'e—**¢ is analytic, except at —1, —3, +1, and continuous;
at the origin it has the value 1. By Cauchy’s theorem we have

+1 +1—0t —at —1 —0t —1—c1t
( [+ +[ [+
-1 +1 1—o1 —0i -1 —at
—1

+ )(1 — ¢l ieedg = 0.
—1—0t.
On writing ¢ =1—14t/a we find

1—oi
f (1 — ¢9)leietde
1

1 ga )
- f 1-Q1- it/a)‘)’e‘“'“dtl
a Jo

< ot f 84 + 6t + 482 + 3)etdt < Ka—t-1/4,
0
fora=1,0>1. Similarly, if we set ¢ =¢—0i we obtain

(1 — ghte-inedg l -

1—04

1

f (1 — (¢ — oi)t)terme—intdy
0

e (14+ (14 0)9)'—0

IA

as o— o, for «=1. Likewise by the substitution ¢ = —i—it/a we see that

—1

1 (e—1)a
(1 - ¢4>'e—fa¢d¢| =0 a— e
aJo

—ai

o0

a""lf 14 + 6t + 442 + 3)'etdt < Ka~V"1/4,
0

lIA

fora=1,0>1. Hence, on allowing ¢ to become infinite in these three terms
and on treating the last three in the same manner, we find

| #(e) | < Ko, a1,

as we were to show.
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We can now establish

THEOREM XIV. The Fourier series for an arbitrary summable function
is summable (C, 1), 1 >0, to that function almost everywhere.* If the function is
continuous, then the summability is uniform, 0<e<x<b<1.{

Taking the differential system #’+Au =0, #(0) —%(1) =0 we are to show
that if f(x) is summable

1 1 xl 13
tim = [ [ )1 = ) 6z, sy = 162
C, v

(29 2riJo

almost everywhere on (0, 1). We adopt the notations

F@) = fs+2) + /(= 2+ ) = 240, 56) = [ |F@) | ds.
0
We choose any value of x for which
lim §(z)/z2 =0, 0< x<1.

20
By a theorem of Lebesgue these values of x form a set of measure one.}
Theorems IV, VII, VIII show us that the only significant contributions of
the integral are

l 1 Xél
— 1——) {ee-=; 0}dnd
= 1f<y>( 2 te Jandy

1 1 A\
— 1—2Y1{0; et-2}dnd
tol 2f(y)( ) Jindy

1 z ntx/2 .
- 2_1rf fn@ - ebi0) 1A, ehre’ (r—2)¢i0dody
[}

—-x/2

l 1 3r/2 .

— o [ [ 101 = cymetimenanay,

2r z Jx/2

where we have recalled the fact that A=A,¢” on y. Henceforth we shall let
A be a continuous variable. In the first integral we set ¢ = —ie’, g=x—9,
and in the second ¢ = —i¢”, 2=y —x. There results

1-z

%, ozf( — 2+ x)AP(Az)dz + % j; f(z + x)A®(As)ds.

* Hardy, Proceedings of the London Mathematical Society, ser. 2, vol. 12 (1912), pp.
365-376.

t Chapman, Proceedings of the London Mathematical Society, ser. 2, vol. 9 (1911),
pp. 369-409.

3 Lebesgue, Legons sur les Séries Trigonométriques, Paris, 1905, §50, p. 96.
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If we take A <x,1—x we have as A—

fzf( — 2+ x)AP(A2)dz| < KA"A"“fz]f( —z+2)|dz—0,
4 4

f - f(z + 2)A®(Az)ds | £ KA—'4—1? f l—zl fz+ x)| dz—0.
A A

Furthermore, we see that
lsin AA¢

1 4 1p1 4 1

—f A®(Az)dz = —-f f (1 — ¢9'A cos Azpdzdp = - | (1—¢% do.
2xJo wJo Jo *Jo

The last integral, essentially the well known Dirichlet integral, has the
limit 4. To prove our theorem, then, it is sufficient to show that

limi AF(z)A(b(Az)dz = 0.
A 27J0o
We can establish this by following Hardy’s discussion of a precisely similar
integral. In his treatment, the essential properties of the function corres-
ponding to our function & are those which we enumerated in Lemma VII.
This theorem was demonstrated by Lebesgue in the case /=1, and by Hardy
in the more general form. It is not difficult to see that when 0 <e<z=b<1
and f(x) is continuous, the steps of the proof can be carried through in the
same manner, with the additional result that the convergence is uniform in
z because of the fact that
lim $(z)/z = 0 uniformly, 0<a<z=Zb< 1.
30

This result, due to Fejér for =1, was established in the general case by
Chapman.

In our preceding theorems we have compared series only on an interval
(@, b) completely interior to the interval (0, 1) on which they are defined.
If we wish to consider the entire interval (0, 1) we find it possible to do so
when we compare the series arising from differential systems sufficiently
alike. Itis sufficient to restrict the boundary conditions so that ay=ay, - - -,
n=0n, b1=PB1, : * + , Ba=Pn, ki=ky, - - - , kn="ka, as we shall see presently.
We first introduce new lemmas which serve as useful tools in studying the
questions thus raised.

LemMA VIII. On any region S’

[60] + s [6n] . L
m— [1] f 6o = 80,0, = 0.
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On S,’ we see that
([6a] + e [0:]) = ([30] + e=[5:]) = [0] + ems[0}s= [o],
whence
bl temie) ()
[PEr AR A F= AN

Similarly, on S.’, we find
[60] + 2 [6:] _ [60]e=2ex + [61]
[6o] + e#=u[8.]  [Bo)eeex + [6.:]
Lemma IX. The integrals

- [1].

ffe,w..u_wmdydp G=1, . ),
ff im(x,y,p) ydp (i=l“+1"”’n)}
f f ewt(l—y)_gfll’i)dydp (Gi=1,---,u—-1),

mx,y,p .
ff poiy ( y)ydp (1'=”')"';n)’
TV a

where |m(x, y, p)| <M for all x and y on (0, 1) and for all p of sufficiently
large absolute value on Sy’ or Sy, as the case may be, converge uniformly to zero
as R—wo, 0=5x=1, 0<5a=<1.

Leaving aside for the moment the integrals for which 7=y, we may take
as typical the following procedure:

™M
f f epwi(1=y) -—dydp ’ <

M =M
= —— | e RBU-n) — gRBU | £ 0,

26nR BnR
In the two integrals where 7 =y, we operate as follows:

—Rﬂ(l—u)dy I

z z */2n
erwu(1—-y) ﬁdy do| =M f f e"“’(l"’)”dd)dyl
p
z | — e—tR(l—u)lln (1-2)R | — g—7t/in
| [ f Loty
a R(l - y) 1-a)R
R1— e"f“"
= —d£—- 0.
R 0 £

The second integral with 7=p is discussed in an analogous manner.
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We can now prove

THEOREM XV. If G and G are the Green's functions for any two regular
differential systems of order n=2u—1 for which cx=av, - - - , A==, B1=Fy,
“yBa=Pn, kx=Fk1, - - -, kn="ku, then for any region S’ the integral

fnp"“(G(x,y ;07) — G(x,y ;5 p™)dp

b

is bounded for all v and for all x and y on (0, 1).

We must consider separately the integrals over v; and 7,.

Case I. p on S,’. We refer to the asymptotic forms of np*! G and
np"1G given in Theorem VII. Ifin the form for #p*1G we expand the deter-
minant A; we are led to a sum of terms each of which is the product of a
certain number of exponential functions, bounded for all p on .S; and for
all x and y on (0, 1), multiplied by an expression of the type [4]/{[6,]
+es[6,]}. In np»'G the term containing the corresponding exponentials
has the coefficient [4]/ {[8o)+e“{8;]} where by hypothesis A =14, 6,=48,,
0:=8:. If we subtract the corresponding terms, the resulting coefficient
becomes, by Lemma VIII,

M4l @ M- [
[60] + erxl:]  [Bo] +eou[B1]  [B0] + erox[0:]  [80] + eren[6y]
for all p on 1’ and all x and y on (0, 1). Now each product of exponentials
from the determinants A;, A, contains exactly one of the functions

eP@l(l—V), ey, eﬂ@n(l—v), e—PUu-HII’ s, e Pony,

= [0]

If we group the terms in the difference #p*1(G— G) according to the exponen-
tials in y which they contain, we see that we can write

np™ (G — G_) = { — if epoi(z—y) 7707 mi(x ,y,P) 4 i i (a—1) m‘(x’yyp)}
=1 p i=ut1 p
+ i“ ePwi(1=y) _'H.'M) + i v Mnii(%, 5 ,p)

i=1 P i=p+1 P
m(x,y,p)

=)

p

where the functions m are bounded for all p on S;’ and all x and y on o, 1).
The application of Lemma III to the last expression proves that

f 10" (G(x,y; p7) — G2,y ;0™)dp

71

is bounded for all 4, on S, and for all x and y on (0, 1).
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Case II. ponSs. We now find for the difference 7p"1(G — G) an expres-
sion like that of Case I, different only in having the sums extended from
i=1toi=p—1 and from 7=p and to i=n respectively. The desired result
for the integral over v, is then established at once; and the theorem follows
at once.

TrEOREM XVI. Under the hypotheses of Theorem XV,
im f [ w6ty 5 ) = Gz s oy = 0
a v

uniformly for all x on (0, 1).

We take the integral over (e, 8) as the sum of integrals over (e, %) and
(%, B). Of these we consider but one.

CaseI. p on Si’. From the expressions obtained in Theorem XV we
see that

Jjj; np"YG — G)dpdy

f f { 5 epm(z—v) — 5+ an erwi(z—y) —}dpdy
p fmpt1 P

i=p i=n
+f f ( E ePﬁh(l-ﬂ) Mnts + Z e-P'dllI ) dpdy —_ 0
a Joy, P

=1 P t=pt-1

uniformly, 0<x<1,0<a=<1, as R—>», by Lemmas VI and IX.

Case II. p on S;’. We use the work of Theorem XV and Lemmas VI
and IX exactly as in the preceding case. The double integral over v and
(«, B) therefore behaves as described.

THEOREM XVII. Under the hypotheses of Theorem XV,
ff(y)f np"'G(x,y ; p) — G(z,y ; p"))dpdy = 0,

R-..,

f 1) f Glx,y 5N — G,y ; N)drdy =
A*ao

uniformly for all x on (0, 1), for any summable function f(x).

We combine Theorems IV, XV, XVI to obtain the limit of the first
integral. If we take arcsy on two adjacent sectors S’ and transfer the results
obtained for the integrals over them to the A-plane, we find the second limit.
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As Theorems IX and XII resulted in the first part of Theorem XIII,
so Theorems XIT and XVII lead to

TreEOREM XVIII. The term-by-term difference of two Birkhoff series of
order n=2u—1 for any summable function f(x) converges uniformly to zero,
0=x =1, provided that the boundary conditions of the two differential systems
defining the series can be reduced to normal forms for which an=uou, - - - ,
An=0n, Pr=P1, - -+, Bu=Pn, lr=ky, - - -, kn=Fan. Such Birkhoff series are
equivalent on (0, 1). The differential system

u™ 4 Au =0, n=2nu—1,
au®0(0) + Biu*0(1) =0, n—12 k2 k= - 2 kn kiza > ks,

a,u%*a)(0) + B.u*a)(1) = 0,

where o, B, k satisfy the conditions for regularity, can therefore be regarded
as typical of regular differential systems of order n=2u—1 in the consideration
of expansion problems with respect to the class of all summable functions.

This theorem is the generalization to the case #=2u—1 of the leading
results of Haar and Walsh mentioned in the introductory paragraph. We
shall apply it to the discussion of Birkhoff seriesat x=0and x=1.

We shall introduce two determinants D;(x, v, p) and D.(x, ¥, p) which can
be obtained from the two determinants A, and A described under Theorem
VII by replacing each term of the form [A4] by the dominant constant A4,
and deleting the terms in ¢*“». We can then prove an interesting inter-
mediate theorem.

TreEoREM XIX. If f(x) is any summable function on (0, 1) and if G
is the Green’s function for a regular differential system of order n=2u—1, then

1 i=p t=n
im [ 10 [ 760z, 5 %) = { — S sty s + }:e»««wm}
[} m

R <o =1 Sampt-1

1
- G—Dx(x,y,p))dpdy =0,
o

1 t=p—1 i=n
hmff(y)f (mp™'G(x,y ; p™) — { - Z eroi (=), - 4 E e"‘“‘“”’w;}
0 72

R =1 [

1
o Ds(x,y,0))dpdy = 0,
1

uniformly, 0=<x =1.
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By Theorem XVIII, it is sufficient to consider the typical differential
system there described.

First integral. On substituting u;=e°“:*, v;= —w;e~?*i¥/np*1 in the
explicit formula for the Green’s function, we obtain for p on Sy’ the asymp-
totic form given in Theorem VII, where now any expression [4] can be
written as the sum of the constant 4 and a number of exponential terms
formed by taking products of er“y - . - | ePou—1 gpoutl . ..  eren. The ex-
pressions [A4] in the bracket terms and in the first row of the determinant
A, reduce to the constant A. Since we can put

ePvi = gPUuEPYITRU I ereiTrou | = eR (pwi)—R (pwp) 1 G=1,---,u—-1),
i=p+1,---,m)),

for all p on S,’,we find [A] =A +e>»m(p). If now we expand the determinant
A, we see that

A HIA
o

£PYi = ePongTesimPuu I e—pwi—pwpl = ¢~R(pwi)=R(pwy)

i=u i=n

Ay = Du(x,y,0) + e 3 i Dmi(x,p) + e 3 eivm(z,p).

=1 t=p41
Slight manipulation shows that
1 1 er*smi(p)

1
_—_—— Y= —_——_——_——_— = — — ep“’l‘M
[00] + eren [01] 6o [00] + ePon [01] 0o (p)

for all pon S:’. Therefore we find

’ = i=n 1
np""'G — { — Z ereiE=Ug; s 4 E epw;(x‘u)w,.} - —D,
i=1 i=p+1 bo

=y i=n
= eP"’M( E (ﬂwi(l—!l)J[[‘. (x,p) + E e-ﬁﬁ-‘iﬂ][[i (x,p) ): eP"I‘M(x’y’p)

=1 i=p+1
where the functions M are uniformly bounded for all x and y on (0, 1) and
for all p on Sy’. The first integral can now be brought under Theorem IV.
For

x/2n
fe”“ﬂM(x,y,p)dp! = Mf e RoI2Rdp = 2M(1 — ¢ *RI4n) < 2M,
0

1
while
! B8 i=u i1=n
f f cP"’u( D im0 (x,p) + D UM (x,p))dpdy
a 7, i=1 i=pt1
t=p epwill—a) _ gpwi(1—B) i=n eTPwia . p—pwi dp
LA BT )
. i1 w; i=pt1 ws p

1
w/2n
=< M'f e Bei2dp — 0, 0sx=1.
0

The theorem is therefore established for the first integral.
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Second integral. By proceeding as in the case of the first integral, we
show that the integrand in the second has entirely similar properties, due
account being taken of the behavior of pw,on.S,’. The theorem is then easily
proved for this integral.

In these facts,then, we see the expansion problem set by Birkhoff stripped
of all asymptotic encumbrances and expressed explicitly as a problem involv-
ing only the elementary functions in linear combination.

On setting =0, x=1, in the integrals of the preceding theorem we can
effect still further reductions. We denote by D,° D,!, D,° D,' determinants
obtained from Di(0, y, p), D:i(1, ¥, p), D:(0, ¥, p), D21, ¥, p) respectively
by appropriate modifications of the first rows; more exactly, in the last
four determinants those terms of the first rows explicitly involving the
variable p as an exponential are replaced by zeros.

THEOREM XX. The limits described in Theorem XIX are still valid
when x is set equal to 0 or 1 and the determinants D are replaced by the corres-
ponding determinants D. For example,

1 i=n 1
“mf f(y)f (™G0, ; ) — 3 ewoivo; — — DI(y,p))dpdy = 0.
0 7

R+ t=p+1 00

By Theorem XIX it is sufficient to show that

1
lim f ) f Di(k,5,0) — DMy, p))dpdy = 0

R+

for =1, 2 and £=0, 1. Since we have, by reasoning like that used in the
proof of Theorem XIX,

Di(k,y,0) — Di*(y,p) = ersmy(y,p)

where the functions m are uniformly bounded, 0<y<1, for p on S, k=0,
1; and since we can obtain similar expressions for the difference D.(%, ¥, p)
—D:*(y, p) for k=0, 1, we are able to complete the proof exactly as in
Theorem XIX.

To apply Theorem XX to the study of the convergence of Birkhoff series
at =0 and x=1 we demonstrate the three lemmas which follow. These
lemmas are generalisations of standard theorems concerning the Dirichlet
integral.

Lemma X. If f(x) is summable on (0, 1) and if N\y=€"1, and N = e,%s, where
01 and 0, are two distinct constants on the range (— i, i), then

e—RMlI —_ C-R)"”

1
lim | f(y) ——————dy =10, €>0.
y

R+ Ve
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Since the first factor of the integrand, f(y)/y, is summable on (¢, 1) and
since the second, e %> —¢—RM satisfies the sufficient conditions of Theorem
1V, as may easily be shown, the lemma is apparent.

LemmA XI. If ¢(x) is summable on (0, 1) and of bounded variation on
O, ¢), then

1 e—BMy — g—RMy
lim | ¢(y) ———— dy = ¢( + 0)(6: — 64)s.
R-+w Y0 y
We show that the function (e~®*—¢—®M)/y has two properties which
are the essential elements in well known proofs of this lemma in the case of
the Dirichlet integral.
In the first place, we show that
1 =Ry — g—RMy
lim ————dy = (6: — 6))1.
R+w0v0 y
In the plane of the complex variable # we determine a contour consisting
of the rectilinear segments (rA;, R\;) and (r\;, RA;) and two circular arcs
¢ and C of radii  and R respectively described about the origin and lying on
the right half-plane. Then

1 dy R\ e—‘ Ry e—t
lim (e BMv — ¢~FMy) = = ]im lim ( f —dt — f —dt) .
Rex VY0 y Reg r-+0 2 (2 ¢

By using the contour described and applying Cauchy’s theorem, we can
replace the last limit by
et et et
limf—dt—lim —dt=(0;—6))i — lim | —dt = (6; — 0))i.
rewde & Rewdc ¢ RenJo
The second property needed is that the integral
b ¢e—RMy — e BMy
[
a y

is a uniformly bounded function of R for all ¢ and b on (0, 1), no matter how
@ and b may vary with R. Clearly it is sufficient to show this for the special
case a=0. On writing B=Rb, we find

b e—RMy — e"‘RM!I B e—ldt
f———————dy=(oz—ol)i—f Al
0 y B, !t

whence the result is apparent.
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It is now a simple matter to demonstrate the lemma.*

Lemma XII. If ¢(x) is summable on (0, 1) and if
l z
#(x) = - [ #(2)da
0

is of bounded variation on (0, €), then

1 e—R)\lﬂ —_ e—R)\gu
lim | ¢(y) ————dy = &( + 0)(8: — 6)s.
R+ V0 y
The proof can be carried out along the lines indicated by de la Vallée
Poussin in a paper in which he established this result for the Dirichlet inte-
gral.t As he points out, this lemma includes Lemma XII as a special case.

We next prove

THEOREM XXI. If f(x) is summable on (0, 1), then the convergence at
x=0 or at x=1 of the Birkhoff series of order n=2u—1 for this function is
independent of the nature of f(x) outside arbitrarily small neighborhoods of the
points x=0 and x=1.

By Theorem XX the convergence of the series in question depends upon
the behavior of certain integrals which we can write out explicitly and reduce
to the type discussed in Lemmas X—-XII. These integrals arise from the
last columns of the determinants D. We use Ay, A, 63, 0; to denote any con-
stants satisfying the relations laid down in Lemma X. Then, by fundamental
properties of pwy, - - -, pw, 0n 51, Sz, we find that the integrals in question can
be put in the forms

1 1
[0 [ wwnivdnay = [ 0= [ wremsnty

0 N 0 N

1 e BMy— g—RMy
- [10-9—""4
0 Yy
where 0, — 0, = —w/2n, k=1, - - -, p;
1 1 e—BMy — g—Rhy
100 [ wrerwdnay = [ ) ———a
0 n 0 y

* Hobson, The Theory of Functions of a Real Variable, Cambridge, 1907; ed. 1, §450.
t de la Vallée Poussin, Rendiconti del Circolo Matematico di Palermo, vol. 31 (1911),
pp. 296-299.
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where 0, — 0y = +7/2n, k =p +1, - - -, m;
1 1 e_R)‘ﬂ/ — e—Rlzll
f 1(5) f wreEn =D dpdy = f fl—p T gy
0 7, 0 Y

where 0, — 0, = —7/2n, k=1, - - -, u—1;

1 1 e—R)\lﬂ —_— e—R)\w
f 1) f wrekidpdy = f fo) ST gy
0 Ty 0 y

where 0;—0,=+7/2n,k=p, - - -, n. Itisimmediately evident from Lemma
X that the behavior of these integrals, and therefore of the series for f(x)
at x=0 or at x=1, is independent of the nature of f(x) except near these
points.

The use of the integrals computed in the preceding paragraph and of
Lemma XII enables us to state

TraeorEM XXII. If ¢(x) is summable on (0, 1), and if
1 z 1 z
() = - [ 6()dv, #u(a) = ~[ 601 - 2)d
XJo XJo
are of bounded variation near x =0, then
lim

=
R-w O — 1Jo

where A i and By, are constants depending only upon the boundary conditions,
fori=1,2, k=0, 1. For example,

1
#(y) f np""G(k,y ; pM)dpdy = A ®1( + 0) + Bix®y( + 0)
7i

-1
Ar®i( + 0) + Bro®s( + 0)= ﬂﬂ‘ &,( + 0)

1 coi1 0 .0 0
i=p i=n
aw® - - awh ﬁlw:h < B — Biae Z wk — alal.z wh
1 =1 t=p+41
4n00 i=pn i=n ’
apofn - o Bt - Baod™ — B2 D i — anay D wite
=1 it 1

where a1=31(+0), az=:(+0). The other constants may be explicitly deter-
mined in the same manner by reference to Theorem XX and the forms of the
determinants D.
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This theorem is a generalization of the result announced by Birkhoff for
the case n=2u*.

We shall make no further applications of Theorem XX. In Theorem IV
the sufficient conditions given are also necessary; by combining them with
Theorem XX we find necessary conditions that

fﬂj; Lf(y)(G(x,y N — G(x,y ; N)drdy = 0

uniformly, 0<x<1. It seems as though these conditions in their simplest
form should involve only the constants «, @, 8, B, k, k, but we have been
unable to ascertain the accuracy of this conjecture.

V. THE ADJOINT SERIES FOR #=2u—1

We shall next take up the expansion problem which comes to us from the
integral

1 1
—JM)QMWN%
271Jo c,

where G(x, y; \) is the Green’s function associated with a regular differential
system of order n=2p—1. If this differential system admits an adjoint,
in which the parameter appears as —\ instead of 4\, the Green’s function
for this adjoint system is precisely G(y, «; N\). Since the adjoint system is
essentially a regular differential system of order n=2u—1 of the type dis-
cussed in §IV, the work of that section can be applied directly. Since the
differential systems which we are discussing are too general to admit ad-
joints except in restricted cases, we are faced with a new expansion problem.
The series obtained we call the adjoint series of order #=2u—1, for obvious
reasons. Fortunately it is possible to throw the problem into a form which
presents such similarities to that discussed in §IV that we do not need to
do more than paraphrase the principal theorems demonstrated hitherto.

In fact, if we make the substitutions z=1—x, j=1—y, f(5) =f(1—7),
we find at once

fM)%mmNFfM)WF%FhWW.
0 c, 0 c,

Then, by interchanging x and y in the asymptotic forms of Theorem VII and
subsequently making the substitutions described, we obtain asymptotic

* Birkhoff, Rendicontidel Circolo Matematico di Palermo, vol. 36 (1913), pp. 125-126.
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forms for #np"»'G(1—9$, 1—%; p») which are to all intents and purposes the
same as those studied in the preceding section. The fact that in the deter-
minants involved the terms in x and ¥ occur in the last column and the first
row respectively instead of vice versa is entirely unessential. Thus for the
difference G(1—%,1—2%;A\) —G(1 —#,1—2;\) where G(x,y;\) and G(x, y;\)
are the Green’s functions for two regular differential systems of order
n=2u—1 we can state theorems analogous to Theorems IX and XVII.
For each Green’s function there is a theorem parallel to Theorem XII.
Then we find the analogues of Theorems XIIT and XVIII. Theorems XIX,
XX, XXTI and XXII likewise have images in the present case, not only by
reasoning parallel to that of §IV, but also by the fact that the Green’s
function can at this stage be regarded as arising from the typical differential
system of Theorem XVIII, which admits an adjoint falling under §IV.
When these theorems have been phrased in terms of the variables x and 7,
itis easy to return to the variables x and y.

Thus we have

TrEOREM XXIII. If f(x) is summable on (0, 1)
1
tim [ 105) [ (3,23 %) = Gy, s M)y = 0
— 00, 0 c

uniformly, 0 <a<x<b<1.

TrEOREM XXIV. If f(x) is summable on (0, 1) and if R,(y, x) is the
residue of G(y, x;\) at N=N\,, then

1
lim | f(y)R.(y, x)dy =0
r—wJo
uniformly, 0<x <1.

THEOREM XXV. On any closed interval (a,b) completely interior to
(0, 1) the term-by-term difference of the adjoint series formed for any summable
function f(x) in conmection with two regular differential systems of order
n=2u—1 converges uniformly to zero. We say that these adjoint series are
equivalent on (a, b); in particular, they are equivalent to Fourier series on (a, b)

The last remark results from the fact that the Fourier series obtained as
special Birkhoff series in § III are not altered by an interchange of x and y.
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THEOREM XXVI. The Green's functions associated with two regular
differential systems of order n=2u—1 for which acx=a, - - + , An=0tn, 1 =P,
“*y Ba=Bn, lx=ky, - - - , kn=Fa, are such that for any summable function

f(x)
Ali_lg.lJ; f(y)j; G(y,2;0) — G(y,%; N)drdy = 0

uniformly, 0<x=<1.

THEOREM XXVII. On the interval (0, 1) the term-by-term difference of
the adjoint series formed for any summable function f(x) in connection with two
regular differential systems of the form described in Theorem XXV converges
uniformly to zero. Such adjoint series are equivalent on (0, 1). The adjoint
series arising from the regular differential system

u™ 4+ A =0, n=2u-1,
au®(0) + ™ (1) =0, n—12Z k= k2 -2 kn kipa> ki,

) (0) + B0 (1) = 0

may be regarded as typical, so far as the class of all summable functions is
concerned.

TrEOREM XXVIII. If f(x) is summable on (0, 1) then

1 te=n Sy
i [ 160 [ (605,55 09 = { E oot = F emio-vad
0 7

R—vo0 Smmpt-1 Sl

1
- 0— Di(y, x,p))dpdy =0,
]

1 i=n f—p—1
lim f & f (np"“G(y,x; p"™) —{ D sy, 5 — EG"“(”‘”O).’}
[ 7

R Somp tem1
1
- ';“Dz(}',xsp) dpdy = 0,
1

uniformly, 0<x=<1.

We now obtain from the four determinants Di(y, 0, p), Di(y, 1, p),
Dy(y, 0, p), D:2(y, 1, p) respectively four new determinants D,°% D!, D,% Da!
analogous to the determinants D introduced in Theorem XX. In any deter-
minant O the terms in the last column explicitly involving the variable
p are replaced by zero to give the corresponding determinant ®.
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TrEOREM XXIX. If f(x) is summable on (0, 1) the limits described in
Theorem XXVIII are valid when x is set equal to O or 1 and the determinants
D are replaced by the corresponding determinants D. For example,

1 i
tim [ 70) [ (mr16(5,057) + 2 et = —- D803, Yoy = 0.
—w Jg "

i=1

THEOREM XXX. If f(x) is summable on (0, 1), then the convergence at
x=0 or at x=1 of the formal adjoint series of order n=2u—1 for this function
is independent of the nature of f(x) outside arbitrarily small neighborhoods of
the poinisx=0and x=1.

THEOREM XXXI. If ¢(x) is summable on (0, 1) and if
1 z 1 z
Bi(x) = - f s(0)dx, Do) = - [ (1 — 2)dz
xJo XJo
are of bounded variation near x=0, then

() np ~IG(y, k ; pM)dpdy = Wi ®1(+ 0) + Birds( + 0)

lim

R 21\/— f

where the constants A and B depend only on the boundary conditions, 1=1, 2,
k=0, 1. In particular,

W10®1( 4+ 0) + Bi1o®P( + 0)= Z,:_t &,(+0)

al . .. a“ a‘l+l . .. an 0
t=n
k1
alwlh e alw“kl Blw“_H P Blwnh — ay Zw‘.kﬁ-l
t=pu+1
1 )
4n0 1 .
i=n
kn
anwlk" e anwuk" 61:‘0”_‘_1 annk" — Q4 Z wntl
t=p+1

where a;= —®1(4+0)/w;,1=1,2, - - - T a;=%:(+0)/wi,2=p+1, - -, n
The other constants may be expressed similarly by reference to Theorem XXIX
and the explicit forms of the determinants D.

This completes our study of the adjoint series of order #n=2u—1.

VI. THE DERIVED SERIES OF BIRKHOFF, #n=2u—1

It is now convenient to restrict our attention to the regular differential
system
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W K+ puD - (p+ Nu =0,
Wl(u) = 0) T Wn(u) = 07

where ps, - - -, pa are real or complex functions of the real variable x,
continuous together with their derivatives of all orders on (0, 1). The derived
series of Birkhoff are then expressed as the integral

et | 1) Gy s Ndy (k=1,2, ),

while a method of summing these series is given by

x4 k41
L (“F) G(x,y ;NdMy, 12 0.
c,

271 ax" v
If we wish to consider the series only for k=1, 2, - - - |, K, the functions
P2, -+ +, pn do not have to be so heavily restricted; but the complications in

statement thus introduced do not yield a proportionate increase in interest.

Lemma XIII. Under the present hypotheses

= [ [ (1-1) 6te,y s Ny
ff(y)f (1 —;:)Wik;G(x,y ; Ndndy
+ff(y)f (1 ——4>k+l g—G(x,y ; MdAdy.

Since
x4 k+1
1——) G(x,y;Nd\
L( At) (.78

14

is continuous together with its partial derivatives of all orders with respect
to x for all x and y on (0, 1) we have

= [ 1 I, (1-1) onay = [ 100 = ( -2 Gnay.

Now on the ranges 0=<y<x, 0=x=1, and #<y=1, 022=1, G(z,y; \)
is continuous together with its partial derivatives of all orders with respect
to z. Hence, on each of these ranges

ak )\4 k+1 x4 k-1 ak
—-f (1 - —) Gdndy =f (1 ——) — GdNdy.
dxk c, A c Aj dxk

y
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The lemma follows at once.
LemMa XIV. The functions vi(y), - - - , va(y) defined by the identity

w(y) - ua(y) w(y) - ua(y)

mo(y) + - - - + mata(y) = 1 D(3) - + - up=D(y) M

T1 c e Th “l(u—l)(y) .. “”(D-l)(y)
have for a given sector S the asymptotic forms
l=m B E; ,
( 15 () + (y,0)

o1 (pwi)? pm+1

—
vi(y)= —— e~y
7p"

1 )

i=1, . . -, n, where the functions B\(y),l=1, - - -, m, are continuous together
with their derivatives of all orders on (0, 1), and the functions E are uniformly
bounded for all y on (0, 1) and for all p of sufficiently great absolute value on S.
The functions B,(y) are independent of the sector S.*

We refer to Theorem III’, from which we obtain

Eu(y,p)

#®(y) = (pw)ter¥Pi(pwi) + (pwi)*er sy e

where Pi(z) is a polynomial in 1/z, with coefficients which are functions of y
and with the constant term 1. The denominator determinant in the defining
expression for the functions v,(y), - - -, va(y) is known to be independent of
y. Hence we have

w(y) w0y w(y) uira(y) - - ua(y)
m™D() - wPG) wHG) wPG) ()
0 0 1 0 0
1m0 - ua(0)

u(y) =

#:"D(0) - - - u,=1(0)

e—Puiv P

”pn—l

* Milne, Bulletin of the American Mathematical Society, vol. 23 (1916-17), pp. 166-169.
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where P is the quotient

pmH ) pmHl wor Polpwn) + pmH

n—2 (P“’n) +

pm+l T m+l

pm+1 T pm+l
El n—1 En n—1

u—l(p"’ 1) + n—l(Pwn) + ey |

Hy=20

On expanding the determinants and performing the indicated division by
the usual processes employed in dealing with asymptotic forms we find

Py(pon) - Po(pw) - - Pofpwn) 1
P 5—2(W1) n—z(Pw‘) : n~2(p“’n)
) —e 0 1 0 E.-(y,p)
oy np""‘e Po(pw1) - - - Po(pwn) pnt!
» Pus(own) - - - Pacspun)l y = 0 )
= . — —pwiy E-(y,p) .
=50 + npn1 € pm™Hl

Since w;w;j/w; is an nth root of —1 reducing to w; for §=1, it is clear that
5:(y, p) =0.(y, pwi/w;). For #;(y) we have the development

— W -pww(l + :V_:,‘ Bl()’) A1(y,0)

—1 = (pwl)l p™H

61()’) p) =

where A,(y, p) is analytic at infinity in the p-plane, and the functions B;(y)
are continuous together with their derivatives of all orders on (0, 1) for /=1,

- -, m. Thus
— l=m Bz(y) Ay ,p))
i , e Pus V| 1 ,
Byiw) = o ( + :z-; (W.)‘ pmt!
i=1,.-.,n and
w; == Bi(y) Ei(y,P))
(v, ki 1 + ,
v (y P) -1 ( g (pw‘)l pm+l
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i=1, - - ., n, as we were to show. Since the functions B;(y) are expressible
in terms of the coefficients 4 ;(y) which occur in the asymptotic forms for
w® - - . 4, and which are independent of the sector S, they are independ-

ent of the sector S.

THEOREM XXXII. If f(x) is summable on (0, 1); and if G(x, y; \) is
the Green’s function associated with the regular differential system of order
n=2u—1 of the type described above; and if

i=n s=k

Foux,3,0)= — X 2 (pw)'wier=v) 3 Aqu(2)Bs(3),
=1 =0 atf=k—s
i=n =k

F(z,9,0)= 4+ 2 2 (pwi)'wieri= 37 Au(2)Bs(y),
t=u+1  8=0 a+f=k—s

t=u—1 =k

Fi(x,y,0)= — Z > (pwi)twieri==v 3 Aai(x)Ba(y),

=0 a4-fm=k—s
i=n a=k
F2lk(x;y)P)E + Z E (P"%)"" ePes(==v) E Aak(x)Bﬂ(y)’
t=p a+fm=k—s

where A (%) s the coefficient of (pw;)~= in the asymptotic form for ul® (x) on S,
Bg(y) the coefficient of (pw;)~*# in the form for vi(y), then

R_m f ) f ( 4“)k+l <npn—1 {Z_’;G; : %_:g} - {Fl"k ; Fllk}> dpdy = 0,
R_m ff(y)f ( 4n);,+‘ <npn—1 {z_kg ; Z_,;G} {F“ ; Py ,,}) dpdy = 0,

uniformly, 0<a<x=<b<1,120. The expression

4 k+1
;a;ff(y)f( ——4) Glx,y; Nirdy

is equivalent on any interval (a, b) completely interior to (0, 1) to a linear com-
bination with coefficients A.(x) of means of order k+1, 120, formed from the
Fourier series and their derived series to order k for the functions f(x)Bo(x)
=f(x), f@)Bi(x), - - -, f(x)Bi(x). On any interval (a, b) the problem of
the derived series of Birkhoff of order n=2u—1 is reduced to a problem in the
theory of derived Fourier series.

Case I. p on S)'. We take m=Fk in the asymptotic forms of Theorem
I’ and Lemma XIV. We then compute the asymptotic form of
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a* 9
np"“{g;;G(x,y 307 555 Gy s p")}
on S,’ by methods like those used in Theorem VII. We have

1 i=n i=n
g(x,9) = {5 3% )~ Eul(x)v.(»}

t=l =1

wl®(x) -+ ulP () {0 i :ki
Wi(ur) - - - Wi(ua) Wi(g)

{3‘6 i‘?} —(=1)n Wa(uy) - - - Wa(us) Wa(g)
axt’ dx* Wi(u) - - - Wi(un)

\.\,—/

Wa(u1) - - - Waltn)

We multiply the first 4 columns in the numerator by 3u:(y), - - -, 3v.(y)

respectively, the next u—1 by —3v,41(9), - - -, 37.(9), and add to the last.
We then take the first term of the new last column outside the determinant.

The result of substituting the asymptotic forms for wy, - - -, #n, v, - - -, Wn
is
76w Sy ME300)
n—1 ity X, Y,P
np {ax" ; Bx"} {Flk E e v - :
i=n 3 (k)
Fily + D eroi=v m.(x,y,p)} Ay __,

it 1 p [60] + e#i[6:]

where A(® is a determinant which differs from the determinant A; of Theorem
VII only in having the elements of the first row changed to

1; = (pwi)"ep"’i’[ll, ji=1,-,n;
a1 = (pwi)kepwj(rl)['l]) ] = M + 1; R ()
a1,n41 = 0.

Thus we find

pin k+1 akG akG i=p
- —— n—-1J_____ .« _ — l(z_)—
(-5 (rlimrig —{rroref) = {- BT

i=n p4n k i=p i=n
-+ E epwi(z—y) _} +<1 - .__) p¥ ( Z P My + Z e"‘"""l)m,.“)

fempt 1 p R#» i=1 i1
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where the functions m are uniformly bounded for all x and y on (0, 1) and
for all p on Sy’. Consequently, by Lemmas III, IV, V,

pAm\ kH NG o
f (1 ~ 7 <"P"—1 PyrEieun {Flok ; Fllk})dp
N

is uniformly bounded, 0<e=<x=<b<1, 0=y=<1, for all p on S,’. Next, on
integrating over (a, x) with respect to y just as we did in Theorem VIII,
we find

4» k+1 akG ]
f f ( ) (ﬂp""l {6—3:7‘ ; a_x‘f} - {F % F 1‘k})dpdy

i=p i=n
f f { eP@s(z—V) p— + Z eﬁ@u(z"ll) —}dpdy
71 P t=utl p
(k—1)+(+1) = i=n
+ f ( - ——) P"‘l( 2 e ma i+ D e “"‘”m,..,..')dp .

R#n i1 =1

The expression on the right approaches zero uniformly, 0<e=<x=<b<1,
as R—o by Lemmas IV, V, VI. Thus

4n k+1 ach akG
(= G B
R dx* " dx*

uniformly, 0<ae<x=<b<1.

With the aid of Theorem IV the present theorem is established in the
case of the first integral.

Case II. pon.S,’. We compute the asymptotic form for

{6"6 6“(;}
np"—
dx* " dxk

in a manner analogous to that used in Case II of Theorm VII. We then
follow our usual line of attack to validate the assertion concerning the
second integral of this theorem.

We notice that in the case of Fourier series, as given in the differential
system of order #=2u—1 analysed in §III,

=p

Fih= — ) (pwi)twieri=),
=1

_ i=n

Fi= 4 3 (pw) wiewi=,
f=p4-1

_ t=p—1

Fh= = 3 (o asemit=—),
Sm1

i=n

L= + Z (pw')‘w‘eﬂh(z—v)

ot
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Thus
a=k

Fi= Y F/f 20 Aa(2)Bs(y), i=0,1, j=1,2.

=0 a4fm=k—s

Since the functions 4 and B are independent of the sector S, the important
relation between the derived series of Birkhoff and the derived series of
Fourier, whose complete statement appears above, is now demonstrated.

It is now proposed to investigate a few of the leading properties of the
derived series of Fourier series; some of them can be extended to Birkhoff
series. The results which we shall present have all been obtained by W. H.
Young,* who used methods different from ours.

TrEOREM XXXIII. If ¢(x) is a k-fold integral in the sense of Lebesgue
on (0, 1), and if G(x, y; N)is the Green’s function associated with the differential
system uw’' + u=0,u(0)—u(1) =0, then

1 1 X‘ k+1
im (5= [ ¢ [ (1——) Gz, ; Nirdy
vem 2x1Jo Cy Al

1 o Af\FH
c, A

21'1. Ox" 0 I

uniformly, 0<a<x<b<1, for 120. In other words, the Cesdro sums of order
k1,120, for the kth derived Fourier series of ¢(x) and for the Fourier series
of &P (x) are equivalent on (a, b).

By Theorems IX and XXXII we need consider merely the differences

z A k+1
[ (1= 2) " @ome - prews — gopac)nay
o Jy, At
z A k+1
L (1-3) 7 Gom - 1o — gni)ae)nay.
1 Jo,
By integration by parts we can show

z =k
f $(3)( = DAy = 3 (= 1)FHiNE(g6D () — pG-D(0)e)
[] fuml
+ f sw(s)eu-ndy,
[]

¢ W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 17 (1918),
pp. 195-236.
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i=k

f¢(y)( — 1)k\kQ—2)dy = E (— 1)k-;+1)‘(k-i)(¢(i—x)(x) — ¢-1(1)0-2)
1

=1
+ f @ (y)ev==dy.
1

On substituting these expres:zions we find

=k A4 k+1
Z (- 1)k—i+1¢(i—1)(x)f )\k~i(1 - A_) a\
c

=1 4

=k A 4\ =+ D)
+ Z =m0 [a(i-2) e

i=1 ‘
=k (k=i)+(1+4)

+ D (= 1)k-igt-n(1) f)‘k—( — __> A=)\ .
i=1

The integrals over C vanish identically by Cauchy’s theorem. The integrals
in the remaining terms approach zero uniformly, 0 <a<x=<b<1 as A—x,
120, by the application of Lemma V.

By Theorem VI, Corollary I, the type of mean employed in summing the
two series may be replaced by a Cesiro sum of the same order, £+41.

CoroLLARY I. The (k4-1)th Cesiro sum of the kth derived Fourier series
Jor ¢(x) converges almost everywhere to ¢'®(x); and converges uniformly on
(a, b) if ¢'P (x) is continuous.

Cororrary II. We have, if Y(x) is bounded and summable on (0,1),

k 4\ &

a 1 k41
ilff v() Zr- a5, é(y) C'(l _A_,‘> G,y ; NNdydt

V() ®(£)dt

for all x, and x, interior to (0, 1).

On applying the preceding theorem and its two corollaries to Theorem
XXXII we find

THEOREM XXXIV. If ¢(x) is a k-fold integral in the sense of Lebesgue,
0<x=1, then

k+1
tim —— 2 {7 4(5) f ( ——) Glx,y ; Ny = 6®)(2)

row 2W8 dxEJy "

almost everywhere, 0 <x<1; and if ¢'¥(x) is continuous, the convergence to
the limit is uniform,0<a<x<b<1.
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By Corollary I of Theorem XXXIII and by the last part of Theorem
XXXII, we see that

A4

k+1
lim — — ——) G(z,y;NdNdy = &
o= [0 [ (1-35) 6wy s Ny = i)
almost everywhere, 0 <x <1, the convergence being uniform on (e, b) if
¢®(x) is continuous. By Corollary II of Theorem XXXIII we can compute
the integral of ®;(x) by integrating under the limit sign on the left. We have

Bpi(x) — Pr_i(x1) = fzq’k(f)dfy ®i(x) = ‘I’;:_l(x) = ... = & ")(x).

z1

Since ®o(x) = ¢ (), it follows that ®;(x) = ¢ *~V(x) and the theorem is proved.

THEOREM XXXV. If f(x) is summable on (0, 1), then the convergence at a
point xo interior to (0, 1), of the (k+1)th Cesdro mean, 120, of the kth derived
series of the Fourier series for f(x) is independent of the nature of the function
outside an arbitrarily small neighborhood of the point xq.*

We consider the differential system #'+ =0, %(0) —#(1) =0, starting
from Theorem XXXII just as we did from Theorem XIX in proving Theorem
XIV. Thestudy of the (£+7)th mean of the £th derived Fourier series reduces
to that of the expression

ol GRS (1= $9M( = rpraresdgds
T -1

1 1—-zo +1
+ P f f(z + x0) f (1 — ¢p8)*+H( — §)pkAk+1eaissdpdg
w Jo -1

where the integrals with respect to ¢ are taken over the real axis. We let
A be an arbitrarily small fixed positive quantity, which we may suppose
less than x, and 1 —x,; we denote by /4 the function

drt!

_;_k: [(1 — 1)k+l¢k]
which is summable on (—1, 1) for /=0. Then on integrating by parts £+1
times we find

+1 ( F 1)+
(1 — ¢4)k+l¢kAk+le:tAi¢zd¢ -7 heiAtﬂdd;

1 zk+l 1

* W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 17
(1918) pp. 195-236.
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an expression which is uniformly bounded for 224,720, and which ap-
proaches zero with 1/A for each positive value of 2z, by the theorem of
Riemann-Lebesgue. It follows that in the expression above the integrals
over (4, xo) and (4, 1 —x,) have the limit zero as A—. Therefore the con-
vergence of the (¢47)th mean, />0, at x =x, depends on the behavior of the
sum

1 +1
P f ff( —z420) | (1 — ¢H)*( — i)kprAr+1g—Aidsdgdy
TJo 1

1 +1
+ o f ! fa+ x0) | (1 — @MU — i)kp*Ar+lerissdpds.
wJo -1

This establishes the theorem.
An immediate consequence of this result is

THEOREM XXXVI. If f(x) is summable on (0, 1), the behavior of the

expression
1 o M A4\ B+
i a—x,J;f(y)J; (1 —IT:‘) G(x,y; NdNdy, 120,

at the point x=2x,,0<x,<1, as v— is independent of the nature of f(x) out-
side an arbitrarily small neighborhood of x,.

We now proceed to two other theorems of more general character, with
a view to showing the effectiveness of the method here considered in discus-
sing the derived series of Fourier series.

THEOREM XXXVII. If f(x) is summable on (0, 1); and if
J(x) =f(220—x)
2(x— 20)
is summable on (0, 1) when x, is interior to (0, 1) and f(x) is defined for all
values of x by the identity f(x)=f(x+1); and if Si®, ZrD denote the [A)th

Cesdro sums of order I for a Fourier series and its first derived series respectively,
then

F(x) =

lim (BAHD(f) — SSLHO(F) + 45KOF) =0, z =10, 120.

In particular, if f(x) is continuous and lim ..., F(x) =A, then

limy  ZAHD(f) = A, x=12, 1>0.*

* W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 17
(1918) pp. 195-236.
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It is sufficient to demonstrate that
lima., A V(f) — SSEVF) + 4S£V(F)) =0, = = .
By taking k=1, /=0, in the final expression of Theorem XXXV and notic-
ing that
+1
f (1 — ¢9¢ cos Apzdep = 0
-1

we find that we can replace Z 4 (f) by the expression

1 4 +1
2—f (fG+ x0)) — f( — 2+ %)) | (1 — ¢*)¢A? sin Apzdepds,
TJo —1

in the sense that this expression has the same behavior as A—w. On inte-
grating by parts we find

1 l +1
(1 — ¢%)¢pA? sin Agzdep = — (1 — 5¢%)A cos Adzde.
1

-1 -

Hence we can replace 24V (f) by

-1_ 4 f(z + x0) — f( — 2z + 20) +1(1 — 5¢9)A cos Apzddds.

2x. 0 2 -1

We note that F(—z+zo)+F(z+2x0) =[f(z+20) —f(—2+20))/2. Thus we
can replace S°(F) and S (F) by

1,4 fiz + 20 = f( — 24 ) l(1 — ¢Y)A cos Apzdpds

2x. 0 Z -1
and
A —f( — 1
_1_ f f6+ m) — f(— 2+ 20) A cos A¢zdods
2x 0 Z -1

respectively. When we make the three replacements in the expression

2 (f) — 558 (F) + 45y (F)

we find that it then reduces to zero; that is to say, for x =z,

lims.o(Zs (f) = 5S4 (F) + 453 (F)) = 0.

The remainder of the theorem follows at once.
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TeEOREM XXXVIII. The first derived series of the Fourier series for a
function of bounded variation, x (x), is summable (C, 1), 1>0, to x'(x) almost
everywhere on (0, 1).*

We employ here the concept of integration with respect to a function of
bounded variation. We let x, be a point interior to (0, 1) for which the func-
tion

x(z + x0) — x( — z + %)

X(2) = . — zx’(x0)

is defined and satisfies the conditions
Y
X(+0) =0, I’Enm;[)|dX|=0.

Young has shown that the set of points thus defined is of measure 1.
Taking G(x, y; N\) as the Green’s function for the system #'4Au=0,
#(0)—u(1) =0, we find for x=x,

a 1 X‘i 1
a—Jo X [ ’(1 - A—) G,y ; Nrdy
4 1
- [ [ (1-5) sy
+ f 0 [ (1- A—) NSOy
—_ xe—-)\zoek(v—l)
+f x(y)f (1-—) ——— 9Ny
1 —e¢
X‘ ')\e"(l—“)e"”
+f x(y>f( ) — hay.

In the third integral we have

¥ 1
X(y)’\e"‘”‘"dy| = Ix(l) — x(0)e™ — f e*(v-ndx‘
o 0
1
§|X(1)|+|x(0)|+f|dx|§M,
0

* W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 13
(1914) pp. 13-28.
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so that for />0 it approaches zero with 1/A in accord with Lemma V. By a
similar argument we can dispose of the fourth integral. The two remaining
integrals can be changed into the form

1 [ +1
= x(=z+x) | (1—¢)(— ip)A% 4i4:d¢dz

27, -1

1 1—-z¢ +1
+— f x@+20) [ (1= 69X — id)A%er*s=dgds,
2rJy 1

as was done in Theorems XIV and XXXV. We take A positive but less
than xo and 1—2x, Then we show the integrals over (4, %,) and (4, 1 —=,)
negligible, in the following manner: we integrate by parts with respect to z
in each of them and apply the inequalities of Lemma VII to the resulting
expressions. The discussion has many points of similarity with the first
part of that given in Theorem XIV. Thus we consider

1,4 +1
—f (X(2) + zx'(%0)) | (1 — ¢9)PA2sin Apzdepdz, I > 0.
wJo -1

Itis readily shown that

1 p4 pH
lim -—f zf (1 — ¢9'pA2 sin A¢zdedz = 1.
mJo -1

Avx

To prove the present theorem, then, it remains to show that

A +1
lim | X)) | (1 — ¢Y'A?sin A¢zdpdz = 0.
1

Asp VO -

This is easily accomplished after an integration by parts with the aid of the
inequalities of Lemma VII; the method is that used by Hardy for the proof
of the last step in Theorem XIV and by Young for the present theorem.
This finishes the proof.

We leave the reader to apply the last two theorems to the study of the
derived series of Birkhoff of order # =2u—1.

VII. THE SERIES FOR #=2u
The regular differential system
%™ 4+ d 4 pu™D 4 oo (pa+ Nu =0,
Wiu) =0, .-, Wa(u) =0, n = 2u,

where
Wiw) = au®(0) + Bau*d(1) + - - -,

n—12k 2k =2k, Fkipe> ks,
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presents certain salient differences from the case #=2u—1; but these are
differences of form which do not necessitate any essential alteration in the
spirit of the method used.

We shall write A=p", considering instead of the whole \-plane two
adjacent sectors S: R(pwi) SR(pws) < - - - S R(pws) in the p-plane. This
region we shall call =. The sector S is a region T of §I for c=0. On employing
the asymptotic forms for solutions #,, - - - , %, on a region T including S
in its interior we ascertain the distribution of the characteristic values in S.*
On one of the bounding rays of a sector S, R(pw,) = R(pwu+1) =0; we arrange
the two adjacent sectors .S forming 2 so that they have such a bounding ray
in common. Then the characteristic values of p on X are distributed in two
series, asymptotically near points equally spaced at distance 2x along each of
two lines parallel to the bisecting ray of Z; these are simple characteristic
values except in the case of a value common to the two series, which is
always double.

We now prepare the regions =’, .S’ in a manner entirely analogous to that
employed in the case #=2u—1. The arcs T, v and the circles C can then be
defined. The notations ¢, R will be carried over from our preceding work.

On any region S we havet

R(pw1) = R(pws) < -+ - = Rlpwy-1) S — B <0;
R(pw,) = R(pwus1) = 0, along one bounding ray;
Wy = — Wutl;

R(pws) = Rlpwn-1) = - - - = R(pwn_s) = B > 0.

Hence we can consider the whole sector S’ at once; but we have two roots of
—1, namely w,, w,+1, which have to receive special attention. This is the
reverse of the situation in the case n=2u—1, where the sector S’ had to be
divided and where there was on each sector Si’, S2’ a single root of —1
which required separate consideration.

In the present discussion we have to replace Lemmas IV, V, VI. We
have

LemMA IV'. If m(x, p) is a function of x and p bounded for 0 <a=x<b<1
and for all p on S’, then

lle prer*i*mdp = 0 (i=11""l‘_1)’
—» 00 £

* Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 36 (1913), p. 117.
t Birkhoff, these Transactions, vol. 9 (1908), p. 386.
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lim p¥ersi—Dmdp = 0 G=p+2--,m),
R—w J,

for any k, uniformly, 0<a<x=<b<1.

LemMa V', If m(x, v, p) is a function of x, y, and p bounded for 0 <a Sx
Sb<1,0=y=<1,and for allp on S’, then

pln
J#(1 = 5s) memie
b

pln k+1
f p"(l - ——) err1(z=Dmdp
v R4

for any k20, (1) are uniformly bounded, 0<a=x<b<1, 0=y=1, for all
v on S’ when 1=0, and (2) approach zero uniformly with 1/R for 0<a<x<b
<1, 0=y=1, when 1>0.

Lemma VI'. If m(x, y, p) is uniformly bounded, 0<x<1, 0=y=1,
for all p on S’, then

= m
lim ffew«z—u)_dpdy:o G=1,:-+,n),
Roo a L% p
uniformly, 0Sa<x<1; and
z m
lim ffgwi(z'v)_dpdyz() G=u+1,:.--,n),
Row Jqo 1‘.‘: P

unsformly, 0=x<a=<1.

[The proofs are entirely analogous to those used for the preceding lemmas.
Lemma III does not need to be replaced.

The Green’s function for a system of order # =2y is given by the explicit
formula written down in Theorem VII. We proceed to put this expression
in a more useful form by multiplying the first x columns in the numerator
by 3u:(y), - - -, $v.(y) respectively, the next u by —3v,a(¥), - - -, — 40 (¥)
respectively, and adding to the last. We then take the first term in the new
last column outside the determinant. The result of substituting the asymp-

totic forms of uy, - - -, Un, W1, - - -, Vs is then*
demy t=n
np"'G = { — Y i [wg] ; + D ervitsw) [w.-]}
=1 s—pit 1

+ &
[61]e2es + [B0]er + [65]

* Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912), p. 364.
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where A; is a determinant of order #+1 in which the element aa;, £=0, 1,

«-,m,7=1,2, - n+1 may described as follows:
ao',.=ewj2[1],j=1, Y ;ao'i=el"0j(=—l)[l],j=#+1’ L ao.ﬂ+1=0 3
and for 2=1,2, - - - | n,

ari =[], i=1,- -, 5= Uan, = [awf] + e=u[BroM] ;
khop k .
Ak yt1 = [ahwn+l] e Poutl +[ﬁhwu{:—1] y Qhi = [ﬁh"’z"h]) J= M + 27 e, N
i=pu i=n
Ahnp1 = — Z ePai(=0) [y owt1] 4 > i [auedrtt].
=1 V=p+1

On S’, 1/{[6:]e*“s+[0o]ew»+[0:]} is bounded.* In short, we are prepared
to proceed as we did in the case n=2u—1.

We can thus establish Theorems IX’, XII’, XIIT’, whose statements are
identical with those of Theorems IX, XII, XIII, respectively, except for the
change from #=2u—1 to #=2u. In the proof of Theorem XII’, essentially
the same as that of Theorem XII, we must remark a slight difference. If
we let [o] be that part of ¢ on S’, then

1
f f(y)np™'G(x,y ; p™)dpdy
0 [e]

approaches zero uniformly, 0<x <1, as the center of ¢ recedes indefinitely
from the origin. Hence on Z,

fo 1]; f(y)np™'G(x,y ; p™)dpdy

approaches zero in similar fashion. Because of the distribution of the charac-
teristic values when # =2y the circles o remote from the origin may be inter-
sected by the bisecting ray of Z, and it is necessary to introduce the
corresponding modification of the proof. Theorem XIII’, which asserts
the equivalence of Birkhoff series of order #»=2u and Fourier series on any
interval (@, b) completely interior to (0, 1), is the strongest theorem possible,
in general, as we see by reference to the sine, cosine, and Fourier series in
the case n=2.
We next introduce

Lemuma VIII'. On any region S’
[61]e?x + [fo]erx + [62]
[81]e2en + [Bo]eron + [62]
if 00 = 50, 01 = 61, 03 = 52.

[1]

* Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 36 (1913), p. 120.
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LemMma IX'. The integrals

L ] “eiO-v(m/) dpdy G=1,-,u),

f f eis(m/p) dpdy G=pd1,---,m,
b4 a

where m(x, v, p) is bounded for all x and y on (0, 1) and for all p on S’, converge
uniformly to zero with 1/R,0<x<1,0<a=1.

We can now obtain Theorems XVII’ and XVIII’ which may be stated
merely by replacing #=2u—1 by #=2u in Theorems XVII and XVIII.
It is to be noticed that Theorem XVIII’ includes as special cases the leading
results of Haar and of Walsh cited in the introduction.

We next introduce the determinant D(x, ¥, p) obtained from A, by re-
placing each asymptotic expression [4] by its dominating constant term 4,
and deleting the terms involving e*s, e*»+1. From D(0, ¥, p) and D(1, v, p)
we obtain new determinants D°(y, p), D'(y, p) by replacing by zero the
terms of the first rows explicitly involving the variable p. We then obtain
two theorems similar to Theorems XIX and XX.

TaeOREM XIX'. If f(x) is summable on (0, 1), then

1 -
hm ff(y)f (ﬂp"—"G(x, Y, p") { 2“ er(z*V)w' + Z eﬂ.(z—y)w‘}
—00 0 v

Sempt-1

- E-D(x,y,p))dpdy =0
2

uniformly, 0<x<1.
TrEOREM XX'. If f(x) is summable on (0,1) then

Mf f(y)f (”"""G("’y L Wiw‘e""'"% D(y,p) )dpdy =0,

Smpt-1
1 n= S pwi(1—y) ==
}glwfof(y)j;(np 61,3597 + St my,,,))d,,dy 0.

We can next use Lemmas X and XII much as we did in §IV. In fact, we
have, with the notations of Lemma X and Theorem XXI,

1 1 c—nx,y —_ c—Rhy
(l_ )d = ————-————d
J10r [ crermivany = [ s ————dy
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where 0,—60,= —n/n, for k=1, - - -, n; and

f [6) f wreravdpdy = f f) T ”_m'f ay

where 0;—6,=w/n, for k=p+1, - - - , n. Hence we obtain Theorem XXI’,
whose statement parallels that of Theorem XXI. Likewise there results

TrEOREM XXITI'. If ¢(x) is summable on (0, 1), and if
1 p= 1 p=
() = - [(6(dn,  @a) = - [0t - e
xJo xXJo
are of bounded variation near x =0, then

1 ot
lim — ¢(}’)f np"'G(k,y ; p™)dpdy = A ®( + 0) + Br®:( + 0)
R 271 Jy ¥

where Ay, By are constants depending only upon the boundary conditions, k=0, 1.

For specific formulas concerning A, B, we refer to a paper of Birkhoff.*
In order to bring the discussion of the adjoint series of order n=2u
under that already carried out, we employ the device of writing £=1—=x,

$=1-9,(3) =f(1—y), whereby
;Nddy = | 75 — 3,1 — & ; NdMdy.
f.,f‘y’fcc(y’x’” dy foﬂy)fcca 5.1 — & ; Nndy

Then on S’ we find for #p"'G(1 —4, 1 —%; p") an asymptotic form which in
its essentials resembles that for np"G(Z, 7; p). We are then able to prove
Theorems XXIII’, XXIV’, XXV’ XXVI’, XXVII’, differing from the cor-
responding theorems of §V only in having #=2u—1 replaced by n=2gu.

The theorems ou convergence at the end points £ =0, x =1 present certain
differences. We define ®° and D! from D(y, 0, p) and D(y, 1, p) by replacing
by zero certain terms of the last columns, as in the corresponding situation
in §V. Then we have

TrHEOREM XXVIII'. If f(x) 's summable on (0, 1), then

1 i=n -y
lim ff(y)f (no"'G(y, x;p™) — { Z i)y, 5 — Z cw-‘(v-:)w‘.}
—> 80 0 ¥

t=pt1 [

1
2
uniformly, 0<x=<1.

* Birkhoff, Rendiconti del Circolo Matematico di Palermo, vol. 36 (1913), pp. 125-26.
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TreEOREM XXIX'. Iff(x) is summable on (0, 1), then the limit in T heorem

XXVIII' is valid if x is set equal to 0 or 1 and D is replaced by the corres ponding
determinant D ; for example,

1 =y 1
lim f 5 f (m0™G(5,0 ; p") + 3, eivo; — — Dy, 0))dpdy = 0.
R—o 0 ¥ Sl 02

Theorem XXX is the exact analogue of Theorem XXX.
THEOREM XXXI'. If ¢(x) 1s summable on (0, 1), and if
1 p= 1 p=
2() = - [o(az, () = - [ 601 = s
X Jo X Jo
are of bounded variation near x =0, then
R—o 21['1, 0

1 pt
lim — ¢()’)f np™'G(y, k ; p")dpdy = Ui ®:( + 0) + B ®:( + 0)
Y

where My, and By are constants depending only upon the boundary conditions,
k=0, 1. For example,

Nod1(+ 0) + Bod:( + 0)= %t ®.( + 0)

a ceeoay Gut1 . o an 0
k k; .k
1 ajw® PP alw,"‘l ﬂlw‘H-l e ﬁlw“ 1 -— ﬁ‘ Ew' 141
+ ,
2"02 . . e . . IR . .
(L
k;
it C apt ﬁ""’..ll ce Bawgpkn — Ba Zw‘.k.ﬂ

where a;= —&;(+0)/w;, 2=1,2, - - -y, and a;=P(+0)/w;, t=p+1, - - -, n
Lastly, we pass to the consideration of the term-by-term derived series,

— axkff(y)fG(xy Ndndy (k=1,2,--),

under the assumption that the coefficients p,, - - -, pa of the differential
equation are continuous together with their derivatives of all orders. Our
theorems deal with the method of summing the series given by the expression

2w 8x"ff(y)f ( - _:)Hb(xsy; Nd\dy, I 0;
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Lemmas XIII and XIV hold for #=2u as well as for n=2u—1. If we write

=y s=k

Fo(x,y,0)= — 2 2 (pw)'wierss v 37 Auu(x)Bs(y),
te=1 8==0 a+-fm=k—s
i=n a=k

Fk‘(x,}’,P) = + E Z (paws) wqiepei =) E Aak(x)Bﬂ(y):
Sl g0 a+fmk—s

we find
ak ak ==y
npn—-l{_G ;——G} {Fk - > epw.(z—v) — F,,‘ + Z epwi(z—v) __}
dx* " ox* i1 P imtit1 P

)
Ay

T e + oo + 03]

where AP is a determinant differing from A, only in having the elements
of the first row given by

0j = (p“’i)kewjz[I] (j =1, ---, /“) 3
= (pwi)terit=1 1] Ge=n+1,--,m;
aon41 =0,

for p on S’. The demonstration of Theorem XXXII’ then follows the lines
of that of Theorem XXXITI.

TrEOREM XXXII'. If f(x) is summable on (0,1)and if G (x,y;\) is the
Green’s function associated with the regular differential system of order n=2u of
the type described above; and if Fi'(x,y,p), Fi'(x,y,p) are defined by the iden-
tities above, then

f §(C)) f ( 4”)W( p"“{g;kc—: ; 3—:—5} - {Fk" ; F,,‘})dpdy =0

uniformly,0 < a = x £ b < 1,forl =2 0. The expression

2ri ax"ff(y)f( 4)"’2(90,}, Nd\dy

is therefore equivalent on amy interval (a,b) completely interior to (0,1) to a
linear combination with coefficients A.x(x) of means of order k + 1,1 2 0,
formed from the Fourier series and their derived series up to order k for the
Junctions f(x)Bo(x) = f(x), f@)By(®), - - - , f®)Bi(x). On any interval (a,b)
the problem of dersved Burkhoff series of order n = 2u 1s reduced to a problem
in Fourier series and their derived series.
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Theorems XXXIV’and XXXVI’, analogous to the correspondingly num-
bered theorems of §VI, can then be obtained without difficulty.

From our brief indications the reader will perceive that the case n = 2u
is in its main features similar to the case # = 2u — 1, which we have dis-
cussed in greater detail.

CoLuMBIA UNIVERSITY,
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