
A COMPARISON OF THE SERIES OF
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BY

M. H. STONE

In his thesis, Haar has made a comparative study of developments on

(0, it) in terms of the set Vl/V, V2/7T cos x, V2/ir cos 2x, ■ ■ ■ , and of a cer-

tain Sturm-Liouville set. He proves that the term-by-term difference of the

formal series for any function summable with summable square converges uni-

formly to zero on the interval (0, 7r)f. Recently, Walsh, by entirely different

and elegant methods, deduced a similar theorem for the set s/2/ir sin x,

■s/2/ir sin 2x, ■ ■ ■ , and a second Sturm-Liouville set on the interval (0,

ir)t- These two papers naturally suggested the possibility of analogous

theorems for the series which Birkhoff defined in a memoir on the expansion

problems of linear homogeneous differential systems of the nth order,

and which are generalisations of the Sturm-Liouville series.§ Tamarkin,

in a paper written to supplement the one just cited, compared the general

Birkhoff series on the one hand and Fourier series on the other. || He dis-

cussed only Riemann integrable functions and did not investigate the actual

term-by-term difference of the series under consideration. In a later work

on expansion problems which came to our attention after the completion

of the present paper, he obtained, by methods different from our own,

certain of our theorems, which will be noted subsequently.^ Insofar as

Tamarkin's treatise concerns us here, it consists in an extension of his

previous results to the case of the summable function.

In the present paper we study the comparative properties not only of

the Birkhoff and Fourier series for an arbitrary summable function, but

also of the formal series obtained by deriving these term-by-term k times.

* Presented to the Society, December 30, 1924; accepted in partial fulfillment of the require-

ments for the degree of Doctor of Philosophy at Harvard University; received by the editors of

these Transactions in October, 1925.

t Haar, Mathematische Annalen, vol. 69 (1910), pp. 331-371.

Í Walsh, Annals of Mathematics, ser. 2, vol. 24, pp. 109-120.

§ Birkhoff, these Transactions, vol. 9( 1908), pp. 373-395.

II Tamarkin, Rendiconti del Circolo Matemático di Palermo, vol. 34 (1912), pp. 345-395.

U Tamarkin, OnCertain General Problems in the Theory of Ordinary Linear Differential Equations

and the Expansion of an Arbitrary Function in Series, Petrograd, 1917, in Russian: cited henceforth

as D. E.
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While our main purpose is the investigation of these questions, we

first make generalisations of the series defined in Birkhoff's memoir. These

generalisations are not trivial, and furthermore occupy a central position

in the theory of linear differential equations. For this reason we take the

liberty of describing them here.

I. Existence theorems

In the following pages we shall have constantly before us the differential

equation

«(n)   + • + í2«<"-2)  +   •   •   •  + pn-lUW  +   (pn + X)«  =   0

where p2, ■ ■ ■ , pn are real or complex summable functions of the real variable

x on the interval (0, 1), and X is a complex parameter. The usual existence

theorems are obviously inapplicable to the present case. We employ a

modification of the method of successive approximations to show the

existence of "solutions" of such equations.*  We first prove

Theorem I. If

(1) pi, • • • , Pn, r are real or complex summable functions of the real variable

x, a^x^b;

(2) X is a complex parameter restricted to the circle |X| ̂ A;

(3) x is any point of (a, b) ;

(4) Co, • • • , c„_i are any real or complex constants;

then there exists a constant 5a>0, independent of X, x0, c0, • • • , c„_i; ared

there exists a function u(x, X), defined for all X, |X| ^A, and for all x on the

interval common to (a, b) and (x0—ôA, x0+dA), such that

(1) u(k)(x, X) is continuous in x and analytic in X, k = 0, • ■ • , n — 1, the

differentiation being with respect to x;

(2) «<*>(*„, X)=ct,¿ = 0, ■ ■ -,n-l;

(3) M(n)(x, X) is summable in xfor each value of X;

(4) «<*-*>(*, K)=Cn-i+Sl,u^(x, X)dx;

(5) u{-n)+pxu'-n~1)+ ■ ■ ■ +Pn-iu(1) + (pn+\) = r, except possibly on a set

of zero measure, E\,for each X;

(6) u(x, X) is unique.

In the case px = p2 = ■ ■ ■ = pn = 0, A = 0, the equation reduces to w(n)=r;

and we can construct a function with the properties (l)-(5) of the theorem

for the whole interval (a, b).   By direct verification we see that it is

cx(x- xo) cn-x(x - xo)"-1       rx(x-Ç)n-1
u = co +-+-h-;-,. ,        +   I-— r({)¿£.

2 (re - 1) ! JZo (re - 1) !

* Tamarkin has obtained existence theorems here differently, D. E., Chapter I.
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Hence in the general case we attempt to solve the equation

ci(x — xo) Cn-i(x - xo)"'1      Çx(x - É)-1
i-^— [S(u) + r]di,M = CO + —''■-— +■••-+

2 (n - 1) ! JXo (n - 1)

S(U)  =   - />!«<»-»-pn-lUW  -  (pn + \)U.

We first form the sequence of successive approximants [«<] where

ci(x — Xo) cn-i(x —  Xo)n~l

uo = Co-\-(-••■-!-;-—->
2 (n - 1) !

Ui+i = uo + {   * ~ * " p [S(ui) + r(Q]dt.
Jx0 (» — 1) !

To consider the convergence of this sequence we construct a second sequence

where

vo = Uo,

Vl = Ml   —   Uo

Vi+1

J.x(X _ £)n
\-'— [S(uo) + r]dt,

Ui+i — Ui =   I-
Jxln -

S(ví) d£ (i= 1,2, •••)•
*„(« - 1) !

Clearly, for k = 0, 1, 2, • • • , n — 1 and i =1,2, • ■ ■ , and for all x, x0, £ on

(a, b) we have

\(x -$)<»-*-Dl
Id(i) |  á C,

and

■" = loi

(» - * - 1) !

*(* - f)"-*-1

ál,

■5(si)dt.
,,(»- *-l)!

Next, by a fundamental property of the Lebesgue integral, we can write

1
f(l*i| + •■• + ! A.|+|x|)d£

\J Xm 2L

for all X, |X| ̂ A, and for all x, \x—Xo\ ̂ 5a, where 5a>0 does not depend on x0.

We now show that if the inequality \v¿k)\ =C/2*~l is true, \x—Xo\=8a,

it is also true when ws replaced by i+1; since it holds for * = 1, it will be

true for all i. We have

\~v»i\ = L\ f*(i#il+ ■•• + !*» I+ M)# — <
2*~1~   2*

\  X —  Xo\  =^a
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Hence the infinite series v0ik) +vx<-k)+v¿k) + ■ ■ ■ , k = 0, ■ ■ ■ , n — 1, converge

uniformly, ¡x— -T0|^5A, |x| ^A. The individual terms are continuous in

x and polynomial in X. We can thus be sure that the limit functions are

continuous in x and analytic in X, and can write

a~i

lim  2~2 v°> — lim«/*' = M(fc)(x,X).
i->oo     a=x ;->«

The functions »(W(x, X) therefore satisfy conclusion (1) of our theorem.

On allowing i to become infinite in the relation connecting Mi+i and uit

we find

—-—• [S(u) + r]d£,     | x — Xo | ^ ot
*.   (re - 1) !

(* - S)""1

(re-1)

By direct computation we see that (2) is fulfilled.  On deriving the identity

n times with respect to x there results

«<»>(*,X) = S(u) + r(x)

except possibly on a set E\ of measure zero.  Thus (3) and (5) are satisfied.

Then we see that

«<-»(*,X) = c„-i +  f  [5(«) + r]dt

= c„_i +  I «("'(x,X)dx

which is conclusion (4).

We now assume that on some interval containing x there exists a second

function ü(x, X), |X| ^A, with the properties

(1')    m(*'(x, X), /e = 0, ■ ■ ■ , n — 1, is continuous in x for each value of X;

(2')    ««"(¡Co, X)=Ot, k = 0, ■ ■ ■ , re-1;

(3')    H(n)(x, X) is summable in x for each value of X;

(4')   US »-» (x, X) = Cn-i +/x>( n) (*, X)dx;

(5')    û<"' + plû<"~,)+ ■ ■ ■ +pn-xt¿i) + (pn+\)ü = r, except on a set Ex' of

zero measure.

The difference U = u—ü is then a function satisfying the conditions (1')

-(5') with ct = 0, k = 0, ■ ■ ■ , re-1, and r(x) = 0, the set £x' being replaced

by the set E\" = E-K+E-K'. We suppose that at some point (x0, X0) in the

domain of definition of U(x, X) we have U(x0, Xo)^0.

By the part of the theorem already proved we now construct functions

Ut, ■ • • , Un, satisfying the conditions (l)-(5) with í/¿(i)(x0, X)=5¡,t+i,

the well known Kronecker symbol, and r(x) =0.   We then form
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W(x,\)

U  U'

VtV-i

.   J/0.-1)

• [/2U_1)

u n u n c/ n

with W(xo, X)=0, W(xo, X) = Z7 (Vc0, X)j¿0.   It is easily seen  by the use of

(5) and (5') that we have

W'(x,\) = - Pi(x)W(x,\)

almost everywhere, while by (3) and (3') it is clear that

W(x,\) =   f W'(x,\)dx.

On the other hand the function

-j* Pdx
J x,

satisfies

almost everywhere, and

Wo(x) = e

Wi(x) = - p1(x)Wo(x)

Wo(x) = 1+ f  Wo'(x)dx.

We then find that (W/WQ)' = 0 almost everywhere; and we can integrate

this relation obtaining W = c(\)W0. Since W(x0, X)=0, it follows that

c(X)=0, W(x, X)=0. This leads to the contradictory statement W(x0, X)

= U(xo, X) =0. We thus have U(x, X) = 0 over the domain for which it is

defined; in other words, u(x, X) is unique, as asserted in the sixth point of

the theorem.

It is now easy to demonstrate the general existence theorem, which is

Theorem II.    Under the hypotheses (l)-(4) of Theorem I there exists

a unique function u(x, X), a = x^b, such that

(1) um(x, X) is continuous in x and entire in\, k—0, ■ ■ ■ , n—1;

(2) u^(x0,'K)=ck,k=0, ■ ■ ■ ,n-l;

(3) uin)(x, X) is summable in x for each value of\;

(4) «<—»(*, X) =cn-i+fxu^(x, \)dx;

(5) M(n)+íiM(n_1)+ • • • +pn-iu(1) + (pn+\)u = r, except possibly on a set

£ of measure zero, independent of X.

At Xo we form the interval h:   \x — x0\ = 5A; at the right-hand end of IQ,

x0+8a, we form the interval h:   \x—Xo — b\\ ^ôA; and we continue, forming
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h, • ■ ■ , In, where N is large enough that Im contains x = b. Similarly, we

form a chain of intervals I-X, ■ ■ ■ , I-M running to the left, with M large

enough that /_ m contains x = a. Then in I0 we use Theorem I to set up a

function u(x, X) satisfying conditions (l)-(6) of that theorem. In Ix we

apply Theorem I to define a function ux(x, X) satisfying (l)-(6) in Ix, with

«i(*'(*o+5a, X)=m(í)(*o + oa, X); by (6), u and ux coincide, x0^x^Xo+Sa,

|X| = A. We then perform a similar set of operations in h, ■ ■ • , In, I-i, • • •,

I-M- The result is the formation of the function u(x, X) whose existence is

asserted in the present theorem.

For this function properties (l)-(4) are immediate. In order to prove

(5) we start from the fact that for each X the differential equation is satisfied

except on a set E\ of zero measure. We denote by X' the points of the X-plane

with rational coordinates. We then define the set of zero measure

£i= ££x'.
(XO

P(X)   =     (  (\pl\   +   '"+\Pn\+l)dx,

Writing (V)

we denote by ¿^ the set of zero measure on which P' does not exist, is infinite

or does not coincide with the integrand in the definition of P. We show that

we can set £"=£i+£2. We let x' be any point of (a, b) not in £, X any point

of the complex plane, and X' a point sufficiently close to X that for all x on

(a, b) and for k =0, ■ ■ • , re— 1, the inequalities

| «<*>(*,X) - «<*>(*,X0 | < e,     I X«(x,X) - \'u(x,\j | < t

are true.   We find
1 ~\x— x'+h        J -lz—x'+hl

linfsup  - *<»-»(*,X) - -u<*-»(x,\') \
A-0 h Je-«' h Ax=x'

11 /•*'+* I f f )     I
= lim sup   - I       </>iii("-"     + • • • + pnu\   +\'u(x,\') -Xm(x,X) }dx

»-*     \hJx>     ( J\ J\ )      I

P(x'+h)-P(x')
^ e lim-= € P (x ) .

»-o h

Since
I -\x=x'+k

lim-   ««"-»(«»X') = - /»i««"-" - • • • - pnu - \'u + r,
A»0 h Ax—x'

and since e can be taken arbitrarily small, we must have
J -ir-i'+Ä

lim — «("-»'(x.X) = - "W"-1' — ■■■— pnu-\u + r,
"-00 h Ax=x'

as we were to show.
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All the UFual discussions of linear dependence and independence of

solutions, solutions satisfying given boundary conditions, Green's function,

and so forth, can now be repeated for the general equation described in the

theorem.* We may note that a consideration of the linear dependence of

solutions would lead to a sharpening of Theorem II in that the set £ could

be replaced by a set E, independent of the particular solution.

We turn next to another type of theorem. While that which we shall now

discuss differs but slightly from a less general theorem of Birkhoff in its

proof, we take the opportunity of giving a complete demonstration since

the details of the proof can be simplified for our purposes.f

We denote by 5 a sector of the type l-ir/n = d^(l+i)ir/n, arg p — 6,

where 1 = 0, 1, 2, • • • , 2n — 1. From the sector 5 we define a region T by

an arbitrary translation taking the vertex into the point — c, where c is a

complex constant. The n distinct roots of co" +1 = 0 can be written in the

order «i, ■ ■ • , co„ such that for all p on T

<R(p + cwi) = %(p + ca,) á • • • ¿ Ï\(P + cwn)

where the notation iR.( ) means, as usual, "the real part of'.f We commence

with two important lemmas.   The first is

Lemma I.   On the region T of the p-plane

= C |p|*i|e""i(*-f>|, 0g£gsgl,
¿k       a=i

-¿Z coae""a<*-f>
dxk   a_l

Jk a=n

-   E   w«e"*«(l-£)   è C | p |*(n - 0 | e"-i(*-i) |,     0 ^ * ú f Ú 1,
a=.t'+l

for k = 0, ■ ■ ■ , n — 1, i = 1, • • • , n.  The constant C may be taken independent

of i and k.

We let C be chosen so that

| „.(»<-««,)(»-{) | ^ c, a=l,---,»)»»l,"',»,0á{á*ál)

| ec(Ui-a,a)(x-£)| g c, a = i+ 1, ■ ■ ■ , n,i = 1, • • • , »,0 = x = ? g 1.

Then we have for a = i and for p on T

íl(pwa) Ú  ^(pCúi + coa — w„).

* For the usual existence theorems and subsequent developments, see Bôcher, Leçons sur les

Méthodes de Sturm, Paris, 1917.

t Birkhoff, these Transactions, vol. 9 (1908), pp. 219-231.

t Birkhoff, these Transactions, vol. 9 (1908), p. 381.
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Thus, if *££,

fjk       a=i

— £

dxk   a_l

•7t       a=i

**£\u)ae<"°a<-x~V    g    I p I*     V] I  gP«a(*-£)    Ig    loi*    5Z   I e(i""<+c<''»-''>a)(*-£) I
a-1 a=l

=^C\p\ki\e"*«x-n\,    Ogfgxál,

as we were to show.

Again, starting from the inequality ^(pw«) ^^(pwi+cw,—coa), a^¿,

which is true on T, we derive the second inequality by analogous means.

In Lemma II we shall employ heavy-faced type to denote square matrices

of re2 elements.* The statement of the lemma is as follows:

Lemma II. IfSl(x) has all its elements real or complex continuous functions

of x, O^xgl, and if K(x, £, p) has all its elements of the form p(£)k(x, £, p)

where

(1) P(£) iS a real or complex summable function, 0 g £ g 1 ;

(2) k(x, £, p) is continuous in x and £ for Og£<xgl and for 0^x<£^l,

and is analytic in p, \p\=R on T;

(3) \k(x, £, p)|=¿, Ogxgl, 0:g£gl, \p\^R on T;

then there exists a matrix Z (x, p), 0^x = l,  \p\  sufficiently large on T,

whose elements are continuous in x and analytic in p, and which satisfies

1 rl
Z(x,P) = O(x) + -    Z(H,p)K(x,t,p)dt.

pJo

Furthermore,

1 i
Z(x,p) = Q(x) + - E(x,p) where \ E(x,p) \ g M, 0 g x g 1,

P

p ore F.

If U denotes the matrix all of whose elements are unity, we can write

'o

We consider the infinite series

Z(x,p) = Q(x) +

loig«tf, r\K(x¿,p) \d^Pu.
Jo

»   1 pi       pi

£ —      • • •      0({4_OA(f*-i.î*-i.p) • • • Ktx^dl^i • • -d£.
t=i pVo Jo

* For further details of notation see Birkhoffa nd Langer, Proceedings of the Amer i »

can Academy of Arts and Sciences, vol. 58 (1923), pp. 52-54.
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We see that the general term is in absolute value less than or equal to

1 nk+1u>pk

—rj- «/>* £/*+l = k    U.

\P\ \P\

Thus if we take np/\p\ =^0<1, the series converges absolutely and uniformly

in x and p. The individual terms are continuous in x and analytic in p;

hence this is true of the elements of Z. By direct computation with this

series we find that

1   r1
Z(x,p) = a(x) + -      Z(Z,p)K(x,t,p)dt.

p Jo

We now let m(p) be the maximum value taken on by the elements of

Z(x, p) for O^x^l. Then we have \Z(x, p)\ ^m(p)U. From the integral

equation

|Z(x,p)| ̂ UU +-^-pm(p)lP = L + ̂ Pf^) U.
\p\ \ \p\   /

All the elements of the matrix on the right are equal; there is always some

element of the matrix on the left which for an appropriate value of x takes

on the value m(p). Hence

npm(p)                     w .    .
m(p)£a + —[*T/m(p)£-£«,    \p\=R'.

\p\ í_1™_

\P\

Now we find the inequality

. 1 nmp
|Z(x,p)-Û(x)|  = T^m(p)pU2^r-^U

\P\ \p\

from which the rest of the lemma follows.

We come now to

Theorem III. If pi, • • • , pn are real or complex summable functions of

the real variable x, 0 :£x :£ 1, and if pis a complex parameter, then the differential

equation uin) + -k +piu{n~2)+ ■ ■ ■ +pn-Xu(-l)+ (pn+pn)u = 0 has on any

region T of the complex p-plane, n linearly independent solutions analytic in

p,ux, • ■ ■ , un, expressible with their first n — 1 derivatives in the form

/           Eik(x,p)\
«,-<*>(x,p) = p'Hm1 +-Hi = 1, •••,»; k = 0, •••,»- 1),

where \Eik (x, p)\ ^M for all p on T, \p\^R, and for all x, 0 — x^ 1.
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We write the differential equation as

M(n)  _|_ pnu  =   _  piU(.n-t)   _-/>„«=- S'(u) ,

and proceed to solve this equation as though the right-hand side were known.

Thus

f>x Wiepu,{x-i) _|_..._|_ UneP<An<.x-V

u = ae~i' + ■ • • + c»e~»' +       ---S'(u)dt,
Jo wpn_1

where Ci, • • ■ , cn are arbitrary constants. We now write

ci = a (I = 1, ■ ■ ■ , i),

ti - d+  £ --— S'(u)dt (I - * + 1, • • -,»).
a=i+l    Jo      «Pn_1

We find at once

J nx      a—\

u = cie<""i* + • • • + c„e'"»* -^-I      E waep"«{*_{)5'(«)d|
»P""V0        a-l

+-f     "¿" W„e^«C-«S'(«)d{.
Wp"-1Jl     a=i+l

Next we let w¿ correspond to ci= ■ • • =Ci_i = c,+1= • • =c„ = 0, c¿ = l.

We then putMj(*)=pVaiIz¿tfor¿ = l, ■ • -,nandk = 0, • • ■ ,n — 1. Then it is

apparent that

1     /• * f d* £=,♦ )
pke"aixZik = 03ikpke<K,ix -\-I   <-2-, w«ep"<«(,-t)>5'(«)df

npn~lJo   \dxk a=i )

1     /•*( d* "=J 1
+-1      1 Tl £ «.^-^{> XS'(«)# •»P"_1Ji   Ida;*,..! j

On expressing 5'(«) in terms of the z« this equation becomes

Zik  =   0>ik + — I     e-"u'^-Op-k\—- ¿ Uae<"*a<~*-v\{ptfi.n-i  +
npJo \dxka-i ) \

• • • + -^tzi-"p

+ — ( tr'"«*-Vp-k{— - ¿ «„e"-««-«}- \ptZi,n-t +
npJi \dxk a-i+i )  K

7TtZi^-+
P'
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By Lemma I we see that this set of equations is precisely of the sort discussed

in Lemma II. Thus we obtain solutions ux, ■ ■ ■ , un such that uxk)(x, p)

is continuous in x, O^xgl, and analytic in p, \p\ =R, on T, for i = l, • • • ,

re, k = 0, • • • , re —1, while

(          Eik(x,p))
Ui^(x,p) = p*e*-"|«(* +-\,      Eik |   g M.

The functions «i, • • • , «n are clearly linearly independent for large |p|, by

their asymptotic form.

It remains for us to show that the ux, • • • , un satisfy the differential

equation. We know that there exist solutions üx, • • • , ün of the differential

equation, linearly independent for all values of p; we need only apply

Theorem II taking üi{k)(0)=hi,k+x, i = l, ■ ■ ■ , n, k=0, ■ ■ ■ , n — 1. By

assigning appropriate values, analytic in p, to the coefficients cx, ■ • • , c„

of the integral equation above, we obtain particular equations satisfied by

«i, • • • , ün. We show that any solution u for a similar equation in which

ci, • • • , c„ are constants can be expressed linearly in terms oîûx, ■ ■ ■ , ûn

and is consequently a solution of the differential equation. We write

U = u — cxux - ... — C„M„,

U = Axe"^x +-h Ane<"*nx -|-I      £ «„e'»«<*-«>$'(i/)d£
npn~l   Jo      a-l

+-f     £cuae*-«<"-»5'(tT)dÇ.
«P"-1  Jl     a~i+l

We see now that either (1) when the constants cx, ■ ■ ■ , cn are not all

zero, we can determine Ax, ■ ■ ■ , An identically zero by an appropriate

choice of Ci, • • • , C„; or (2) we can take u = 0 and determine Cx, • • ■ ,

Cn not all zero so that Ax, ■ ■ ■ , An are identically zero. Either possibility

leads us to study the equation last written down with the coefficients .4i,

• • • , An taken equal to zero.   On writing c7(4) =pVi<I Zk we find

Zk  =-f p-ig-fU'-iU—-   ¿ «««»-«{-» i {p2pn~2Zn-2 +
np"-1   Jo (dx*  „-.i ;

• • • + p«Zo\d$.

+-   f p-term-iH——■   T,"«e''Ua(z-i)\{p2Pn-2Z«-2 +
np"-1 Jx \ dxk  a-i+i )

■■ - + Mo}d£.
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If m(p) is the maximum value taken on by \Zt(x, p)|, Ogx^l, k = 0, • • • ,

n — 1, Lemma I enables us to conclude that

+ -!—rC(n - i)f \\pt\+ ■■-+     ,    ,     Iff • »0»).»I p| Ji 1 | p |n-2 J

For some values of x and k we can always write |Z*| — m(p), so that

m(p) ^ »(p) -£ r7|^| + . . . + J^L-láf á m(p) ~.
\p\ Jo ( \P\n    > \p\

This is impossible for large values of \p\ unless m(p) =0. Thus U = 0. Under

the second of the two alternatives above we should have Ci«i+ • ■ • +Cn«n

identically zero without having Ci, • • -, Cn all identically zero. By hypothesis

this is impossible. The first alternative alone is possible. Consequently

we have w = Gwi+ • • • +C„ün as we wished to show. We may remark

that, since the coefficients Si, ■ ■ ■ , cn associated with u were assumed to be

constants, we can assert that G, • ■ • , C„ are analytic for all p of sufficiently

great absolute value so that u is also analytic in p. This completes the

theorem.

We shall need in some of our work a slightly more detailed form of the

theorem actually stated by Birkhoff.

Theorem III'. If pt, • • • , pn are real or complex functions of the real

variable x, 0^a:^l, continuous together with their derivatives of all orders,

and if p is a complex parameter, then the differential equation

»<»>  +  • + />2«(n-2)  +   •  •   •   + ¿n-lW(1)   +  (pn  + Pn)u   =   0

has on any region T of the complex p-plane n linearly independent solutions

analytic in p, Ui, ■ • • , un, expressible with all their derivatives in the form

(*).     ,       .     ,.        (4   ,  l^A,k(x)       Eik(x,p)\
Ui  (x,p) = (puiYe^'l 1 + £ —— +-—-}

I ¡=i   (pan)1 Pm+1    )

(i = 1, • • • , n ;k,m = 0,1,2, • • •),

wnere A lk(x) is continuous together with its derivatives of all orders and

Eik(x, p) is bounded for all p on T, \p\ =R, and all x on (0, 1). The func-

tions A ik(x) may be taken independent of the particular region T.

To demonstrate this theorem we first determine a function

ui(x,p) = e^* < 1 + E -7——}
\ ¡=i    (po>i)1 )
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with the property that when substituted in the differential expression which

is the left-hand member in our differential equation it gives rise to a series

in powers of p beginning with a term in (pwi)n~m~2 at most. Since the substi-

tution of pwj/wi for p in the differential expression does not change it, the

functions üi=üx(x, pui/ux) have the same property. Taking %,•••, w„

as approximants to ux, ■ ■ ■ , un we then apply the reasoning of Birkhoff's

paper to establish the theorem for k = 0, ■ ■ ■ , n — 1. For k = re we substitute

the asymptotic forms thus obtained in the differential equation; for £ = «+1

we differentiate the equation once with respect to x and substitute the forms

previously determined; continuing thus, we establish the theorem for all

values of k by induction. Since the same functions û, numbered in accordance

with the ordering of the constants co, can be employed for any other region

T, the functions Aik(x) are independent of the particular region.

We may notice that, if we determine beforehand the integer n and the

greatest value of k which we wish to employ, the functions p2, • ■ -, pn

do not need to be taken as continuous with continuous derivatives of all

orders in applications of this theorem. For the sake of simplifying a dis-

cussion sufficiently complicated in other ways we make this more restrictive

assumption.

II.   The general problem

The general problem which we shall discuss arises from a linear homogen-

eous differential system of the «th order:

«(n) + • + ¿2m("-2) + • • • + (pn + \)u - 0,    0 = x = 1,

Wx(u) = 0, ■     ■     • ,Wn(u) = 0,

where Wx(u), ■ ■ -, Wn(u) are linearly independent homogeneous linear forms

in m(0), • - - , M(n-1)(0), m(1), • • • , M(n-1)(l) with real or complex constant

coefficients. There is no loss of generality in restricting attention to the

unit interval. As we have already pointed out in §1 there is associated with

this system a Green's function except when the boundary conditions are

identically satisfied by some solution of the differential equation; this

Green's function will have the essential properties of the Green's function

defined in the case of an equation with continuous coefficients. We now make

the assumption that the Green's function G(x, y; X) has infinitely many

poles in the X-plane, Xi, X2, • • • , which can be arranged so that |Xi| = |X2|

g • • ■ , lim,<00|X,,| = oo. We let R,(x, y) be the residue at X=X„; considered

as a function of x, this residue satisfies the differential system for X=X„.

We next define a system of circles Cx, C2, • • • , with centers at X = 0 and radii

Ai, A2, ■ • • forming a monotone sequence with limit + oo. We may suppose
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further that the region between two consecutive circles of the system contains

at least one pole of G and as few others as possible. No pole shall lie on any

of the circles C. For any function f(x) summable on (0,1), and for that branch

of the function [1 — (X4/A,4)]*+i reducing to 1 at the origin, we consider the

behavior of the integrals

i   a*   c1     r /      x4 y+i
T~-T~k     ¡M      ( l - TT)   G{x>y ' X)dX¿>''    l = °'
27TÎ dxk Jo        Jcp\ AÍ /

—   ff(y)fG(y,x; \)dkdy,
¿in Jo       Jcr

as v—►<».    By the theory of residues these expressions are respectively

«£•«•    / \¿ \k+l   r1 dk

£    h-TT f(y)--Ra(x,y)dy,
a-i    \ AÎ /      Jo dxk

E'   f f(y)Ra(y,x)dy,
a—I      Jo

where », is the number of poles of the Green's function in the circle C

To compare these expressions, suitably restricted in the case k^O, with

corresponding expressions in the theory of Fourier series we construct a

differential system of order n for which the integrals and series just described

become Fourier series. We then study the difference of the corresponding

expressions formed for the two differential systems.

We shall, in the present paper, restrict ourselves to those differential

systems for which the boundary conditions Wi, • • •, Wn, after being reduced

to their normal form, are regular according to Birkhoff's definition.* The

differential system from which we obtain the Fourier series will be of this

type.   At a later time we shall come back to the irregular cases, n = 2.

Our fundamental tool for this investigation is a theorem due to Lebesgue.f

It is sufficient for our purposes to quote it, with minor modifications.

Theorem IV. Let there be given a function <p(x, y, v) defined for x and y

on the interval (a, b) and for real positive values of v belonging to a set N one

of whose limit points is + °° ; and let <p be summable in y for each pair of values

(x, v). Then a sufficient condition that, as v becomes infinite in any manner

in N,

lim  I f(y)xj>(x,y,v)dy =0
•~°°Ja

* For the terms normal and regular, see Birkhoff, these Transactions, vol. 9 (1908), pp.

382-383.
f Lebesgue, Annales de Toulouse, ser. 3, vol. 1 (1909), pp. 52-55.
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uniformly for all x belonging to a set E on (a, b), f(x) being any summable

function, is that

(1) \<p(x, y, v)\ èM for all v in N and for all x in E, except for values of y

on a set E' of zero measure ;

(2) iim>^xfßa<p(x, y, v)dy = 0 uniformly for x in E, a=^a<ß^b.

Lebesgue also shows these conditions necessary, but we shall not use this

fact.

III. Fourier series

We find in the following theorem a generalisation of facts well known in

the cases re = 1 and « = 2 :

Theorem  V.    The expansion  problem associated with the differential

system
«(») + X« = 0,

w(0) - w(l) = 0,

M(n-1)(0) _ Mc-D(i) = o,

in which the boundary conditions are regular, gives rise to Fourier series.

The regularity of the boundary conditions is a matter of direct computa-

tion which we omit. For the case where n is even this has been carried

through elsewhere.*

We first determine the values of X for which the differential system has

solutions not identically zero. When X = 0, it is clear that the only solution of

the system is the solution u = constant. When Xf^O we make the substi-

tution X=p". Choosing re linearly independent solutions of the differential

equation, ux = e<"">-x, ■ ■ ■ , un = e''anx, we find all the other characteristic

values of X=pn from the roots of the equation

mi(0) ~«i(l) •   •   •     «„(0)-re„(l)

,,< n-l) (0)
- «.< n-l) (1) M(»-i>(0)   -   «(«-o(l)

=. fi„pB<B-1>/2(l - «'"')  •  •  •  (1 - e'M")

where fl» is a constant not zero. The roots of this equation other than p = 0

are p = 2viri/o)k, k = l, ■ ■ ■ , n, v=±l, ±2, • • • . The corresponding

values of X are X = - (2viri)n, v= ±1, ±2, ■ ■ ■ .

* Tamarkin, Rendiconti del Circolo Matemático di Palermo, vol. 34 (1912), p. 359.
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Hence the Green's function G(x, y; X) exists for this differential system.

We consider separately the two cases w = 2p. — 1, n = 2ti.

Case 1.    n = 2ß — l.    Corresponding to X=X„ = — (2vwi)n, G(x, y, X) has

a residue R,(x, y); and the differential system a solution e2rix, v = 0, +1,

• ■ • .   We use these facts to obtain a development of Rv(x, y), considered

as a function of y, in Fourier series.  By a fundamental property of Green's

function we have

(X - X,0  f e2"'^G(x,y ; \)dy = e2>'Tix .
Jo

We divide this equation by 2-iriÇK—X»») and integrate both sides of the result-

ing equality with respect to X over a small circle surrounding the point

X=X„.   We obtain

Cl I e2"rix,    v' = v)

e2"**»Ry(x,y)dy=\ \.
Jo \ 0       ,    v  ¿¿ v)

If we form the corresponding equations for —v'f add them to those just

written down and divide by two, we find

r1 ( \c2"*x,    v' = ± v)
I  cos 2v'wyR,(x,y)dy =< }.

Jo \ 0 ,    v i£ ± v)

In the same way

Xsin 2v'iryRr(x,y)dy =  \

2

+ 2 '

0

/ = +v

v   = — V

v' J¿   ± V

Hence we see that 2?»(x, y)=e2'Ti(x~y), v = 0, ±1, ±2, ■ ■ ■ . If now we let

Co be a circle with center at the origin in the X-plane, including no other pole

of G (x, y ; X), G a concentric circle including also Xi, X_i, and so on, we have

to consider the expressions

1     dk    cl       C í       XV+'

t-. f/ty)f Gtv,*; x)<¡Mjr.
¿Tfl  Jo Jcr
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On writing A,= (2iro}y)n and denoting by [co„] the greatest integer less than

u„ we see that the first integral reduces to

J%1 «=[«,] / a4n\l+¡      ,.1 Qk
f(y)dy + 2  22 ( 1 - --) f(y) -- cos 2«t(x - y)dy,

o a=1  \ «JV       Jo ax*

and the second to a similar series.   We recognize the Fourier series for the

interval (0,1).

Case II. n = 2fi. For X=X„= — (2viri)n, v = 0, 1, 2, • • • , the Green's

function has residues R,(x, y); and the differential system has solutions

cos 2vkx, sin 2vwx.  From the identities

(X — X,')   I   cos 2v'iryG(x,y ; X)dy = cos 2/xy,-V) f
Jo

^) r
Jo

(X — X,')  I  sin 2/iryG(x,y ; \)dy = sin 2v'irx,
Jo

we obtain, as in Case I, the Fourier development of R,(x, y) considered as a

function of y.  It turns out that

Ro(x,y) = 1,    R,(x, y) = 2 cos 2vir(x — y),    v = 1,2, • • • .

As in Case I, the expansion problems lead us directly to Fourier series for

the interval (0, 1).

To make clear the nature of the expressions involving factors of the form

[1 — (ot*n/uin) ]k+l we give references to the literature from which the following

theorem may be proved:

Theorem VI. Let w0(x)+Wi(x)+w2(x) + ■ ■ ■ be an infinite series whose

terms are real functions of the real variable x, a^x^b.   Then the expressions

M/       aA\5

^•A(*)=   Z(i--K(*)
a=0 \ "/

where 0 = w ,A>0, 5^0, are the Riesz typical means of the first kind of order

Ô and type a for the infinite series in question. If lima-» S si exists and is

equal to U(x), the infinite series is said to be summable (a ,8) at the point x to

the value U(x). Summability (aA, 5) implies summability (a , 5) to the same

value; if the summability (aA, S) is uniform for a certain range of values of x,

then the summability (a , ô) is also uniform for that range. Likewise, summa-

bility (a , 5) implies summability (aA, ô') to the same value if 8' ^5, with similar

remarks on uniform summability. The means S¡¡ (x) are equivalent to the

Cesàro means for integral 8 and their generalisations for arbitrary S ; that is to

say, summability (a, 5) implies summability C(5) to the same value, and con-

versely, with remarks on uniform summability like those previously made.
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Riesz's typical means are discussed in some detail in a joint work of Hardy

and Riesz,* where further references are given, f The series there considered

are series of constants; but the extension of the methods employed to

questions of uniform summability when series of functions are involved

requires merely appropriate modification of Lemmas 4, 5, 7, 8. Theorem

16 gives the relation between summability (aA, 8) and summability (aA, 5')

when S' — ô. The relation between summability (aA, S) and summability

(otA , S) is a special case of the theorem stated in the second foot-note on

page 33 ; a proof of this fact could be modeled on that of Theorem 17. The

comparison of summability (a, ô) with summability C(S) follows a paper of

Riesz. Î   We add the

Corollary I. Summability (a , 5) and summability C(5) are completely

equivalent with respect to summability at a point and uniform summability

over a set of points ; each implies the other.

The importance of this corollary is due to the fact that the known results

concerning the Cesàro summability of Fourier series and its term-by-term

derived series can be carried over to summability by the Riesz means, which

are better suited to the form of Fourier series which we shall discuss under

Theorem V. We shall then be able to carry these results over to the general

Birkhoff series by the intervention of this corollary and Theorem V.

IV. Birkhoff series for n = 2p — 1

Distinct differences between the case when n is odd and the case when

n is even make it necessary to consider each case separately. The methods

employed in the two cases are virtually the same ; we therefore give a com-

plete study of the case n = 2p. — l and then describe the necessary changes

in mode of attack and in statement of theorems in the case n = 2\i.

By our hypotheses, the differential system considered is

«(n) + • + />2«(n-2) + • • • + (pn + \)u = 0,

Wi(u) = 0, • • • , Wn(u) = 0, n = 2M - 1,

* Hardy and Marcel Riesz, The General Theory of Dirichlet's Series (Cambridge Tracts, No. 18,

1915), Chapters IV and V.

f See especially Marcel Riesz, Sur les séries de Dirichlet et les séries entières, Comptes Rendus,

vol. 149 (1909), pp. 909-912.

% Marcel Riesz, Une méthode de sommation équivalente à la méthode des moyens arithmétiques,

Comptes Rendus, vol. 152 (1911), pp. 1651-1654.



1926] SERIES OF FOURIER AND BIRKHOFF 713

where

Wi(u) = a,-«<*«>(0) + p\«<*<>(l) + ' • • ,

« —   1   ̂    kX ̂    kî ^   •  •  •  ^   kn,       ki 9*  ki+2,

and «i, • • • , a„, ßx, • • ■ , ßn, kx, ■ ■ ■ ,kn are subjected to certain conditions

in accordance with the definition of regularity.* On making the substitution

X=p" we are led to consider instead of the entire X-plane a corresponding

sector of the p-plane, which we shall take as composed of two adjacent

sectors S: %.(po>x) ^ iR.(pa>2) ^ • • • ^ cRfpun), arising, of course, from distinct

orderings of the constants w ; this region we call 2. The sector S is a region

T of §1 for c = 0. We recall now the facts concerning the asymptotic dis-

tribution of the values of p giving rise to the characteristic values of X.

On an arbitrary sector S these values of p lie asymptotically near points

equally spaced at distance 27r along a line parallel to the bisecting ray of

S; there is one and only one value of p near each of these points when \p\

is large ; and the corresponding values of X are simple characteristic values

of the differential system, t

We wish to compare any two given differential systems of order re = 2/x—1.

From the p-plane we remove all the points which give characteristic values

of one system or the other of the two which we are comparing; we do this

by removing the interiors of circles a of arbitrarily small radius e, one

described about each such point as center. The portions of S, 2 which

remain we denote by S', 2'. We then denote by T any circular arc on 2'

with center at the origin terminated by the rectilinear portions of the

boundary of 2'. The image of T in the X-plane is a circle C; the totality of

such circles C forms an infinite set of concentric annular regions, none of

which contains a characteristic value. From the behavior of the characteristic

values for large |X¡ we see that the large circles of the set G, C2, Cs, ■ • •

as described in §11 can be selected as circles C ; this is true simultaneously

for the two differential systems we are considering.

The region 5 is such that on it{

^(pco,) ^ íR.(pü,2) = = <R(püy-i) = - ß < 0 ;

%.(pun) = 0 on the bisecting ray of S;

<R.(p<o„) è è «Kpûv+i) è ß > 0.

* Birkhoff, these Transactions, vol. 9 (1908), p. 383.

t Birkhoff, these Transactions, vol. 9 (1908), pp. 383-386.

X Birkhoff, these Transactions, vol. 9 (1908), p. 384.
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We therefore denote by Si that part of 5 for which %(pu^) = 0 ; the part for

which ÎKpwJ — 0 by S2. The notations Si', S2' can be introduced according

to the principle previously employed. The portions of T on S', Si, St',

we shall call y, 71, 72 respectively. The common radius of these arcs we

denote by R.

We now prove several preparatory lemmas.

Lemma III. If m (x, y, p) is a function of x, y, and p bounded for a=x^b,

a^y^b, and for all p on S' such that 0';S arg p = B" ; and if a is any arc of

7 between 6' and 8", then the integral fam(x, y, p) dp/p is a bounded function

of x, a = x^b, y, a^y^b, and R.

We have
dp

Cm—   = M fdO = M(0" - d'
Ja P Ja

Lemma IV.    If m(x, p) is a function of x and p bounded for a^x^b,

0<a<b<l, and for all p on S ' such that 6' ^ arg p gô", then

lim  i  pke""izm(x,p)dp = 0 (i = 1, ■ • • , p — 1),
R-°oJc

pke<mi(x-»m(x,p)dp = 0 (i = p + 1, • • • , n),Um  f

uniformly, 0<a = x = b<l, for any positive k.

We let 5 be the lesser of a, 1 — b.   Then

T pke""ixmdP    = MRk+1e-RßS \   dB = MRk+le-Rßh(B" - d') -» 0
I** a Ja

when i = l, ■ ■ -, p. — 1; and

IXpkeP"i(x-l)m¿p g M(e" - e')Rk+1e~RßS -» o

when i = Li+l, ■ ■ ■ , n.

Lemma V.    If' m(x, p) is afunction of x and p bounded for 0<a=x = b<l,

and for all p on S{., then

XI p4ny+l
P\   ~ R*V      ePU>tXm(x'P)dP

for any k = Q, (1) is uniformly bounded for all a on 71 and all x on (a, b) if

l — Q,and (2) approaches zero uniformly as 22—>oo ifl>0. If m(x,p) is a function
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of x and p bounded for x on (a, b) and for all p on St' similar statements are true

of the integral

.4n\ t+Ir   (     pin\k+t
I    Pkl 1-I      e>'w^x~1)m(x,p)dp.

In the case of the first integral we introduce an angle <t> measured from

the bisecting ray of S as initial direction, with the positive sense in Sx.

We then see that we can write

pco„ = iRe*t>,

0 g <t>/2 è sin <p,    0 = <t> = — >
2re

0 = I 1 - e4'"* \k+l g N4>k+l,      0 ^ <t> g — •
2«

We find

„4n\ k+lX, p4»\*+¡
pk y - j,-)   eß"»Xmdp

=   I    jR*+1(1 — eini*)k+le(k+1)i'l'e-R*s",,i'eiRxcos'i>md<t>

\Ji>

= M j      Rk+1\ 1 - e*ni*\k+le-RSi'l2d<t> ̂  MN f       Rk+^k+le-Ri*t2d<t>

Jo Jo

j p.R12« MNr" K
- j £*+'e-8í/2¿£ g-j ^+¡e-sf/2^ = — ■

Jo Rl Jo R1

This establishes the first result.   The second integral can be treated in pre-

cisely similar fashion.

Lemma VI.   // m(x, y, p) is bounded O^x^l, O^y^l, for all p on S,

then

m(x,y,p)
I    ee«,(x-y) - ¿p¿y

Ja      J-r. P

approaches zero uniformly, i = l, ■ • • , p., O^a^x^l, and i=p+l, •••,«,

O^x^a^l ; and

fl
m(x,y,p)

gPWjd-»)-¿p¿y

approaches zero uniformly, i = l, ■ ■ ■ , /* — 1, O^agxgl, and i=p, ■ ■ ■ ,n,

0=x = a = l.
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We have when i = l, ■ • -, p — 1, 0^a = x^l,

I/.X        *% «. ¡.X        nTÍtn
I   c»<Xx-v) — ¿pdy\ =   I e-Rß <■*->>)Md<bdy

•Ja      Vy, P I ü a.       *J 0

■kM 1 - «-*«*-«>       tM
=-g->0.

2n Rß 2Rßn

Similar reasoning applies when i=p.+l, ■ ■ ■ , n, 0^x = ct = l.   The integrals

over 72, i^ß, are discussed in the same way.

When i=p the treatment is slightly different. For 0 ¿a—x g 1

If1      p m px      prltn
I    ei>»p.(x-v)_¿pliy\= e~R^x-^l2Md<pdy

Ja      Jy, P Ja      Jo

f.x    J   _   g-ifi(x-i/)/4n Jfl    s.

= M       -dy = —
Ja R(X  -   y) ' RJa

M  pR(x-a)    I   _   g-r{/4n

R(x - y)

M rR 1 - e~^lin

¿Í

M Ç

~~RJo

M
d£ = — O(log2î)->0.

£ R

By analogous means we obtain the corresponding result for the integral

over 72.

We can now demonstrate

Theorem VII.   If G and G are the Green's functions for any two regular

differential systems of order n = 2p — l, then for any region S' the integral

fnp»-i(l - j-) {G(x,y ; p") - G(x,y ; p")Jdp

is bounded for all y on S', Ogygl, 0<a^x = b<l,for 1—0.

We first recall the explicit form of the Green's function, which we know

to exist in the present case. We have

ui(x)   ■   ■   ■    un(x)      g(x,y)

Wl(Ul) ■    ■    ■   Wi(un)       Wl(g)

G(x,y ; p") =
(- 1)- Wn(Ui)   ■     ■     -Wn(un)      Wn(g)

Wi(Ui)-     ■     ■   Wi(Un)

Wn(Ui)   ■     ■ Wn(Un)
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where ux, ■ ■ ■ , un are « linearly independent solutions of the differential

equation and
(1 i=n 1   '"" )

g(x,y)= <- Z) Ui(x)vi(y) ; - -   ¿J Ui(x)vi(y)\,
\2 i_i 2   i_i ;

the notation {A ; B} indicating that A is to be taken if x = y, B if x = y,

and the functions vx, ■ ■ ■ , vn being defined by the identity in tx, ■ ■ ■ , t„

Ti»i(y) + • ■ • + TnVn(y)

«i(y)

»i

Tl

( n-2)
()<)

Mi(y)

Ml'(  71-1)
(y)

Un(y)

(n-2)
(y)

un(y)

(n-l)
(y)

We shall take «i, • • ■ , w„ as the functions defined in Theorem III for the

sector 5. It is then possible to determine the asymptotic form of the Green's

function on 5/and SV in sufficient detail that the present theorem is apparent

from the lemmas just established.

Case I.   p on Si'.   We multiply the first p. columns in the numerator of

G by \vx(y), ■ ■ • , §tv(y), respectively, the next p.—1 columns by — \v„+x(y),

• • • , —?Vn(y) and add to the last.  We then take the first term in the new

last column outside the determinant.  The result of substituting the asymp

totic forms of «i, • • • , un, vx, • • ■ , vn in the expression thus obtained is*

I >-M ¿-71 \ ^

np"-1G = \-  2~2 e^^-'^wi] ; +  £ e"a<(x-'')[w¿]> +
V <—1 i—u+1 / [do] + e""'[dx]

where Ax is a determinant of order re+1, in which the element a„„ h = 0,

• ■ • , n,j = l, ■ ■ ■ , «+1, may be described as follows:

oo,- = e""ix[l],j = 1, • • • , ß ; a0lí = *»>«*-»[l],j = /i + 1, ■ • • , n ;

ao,n+i = 0 ;

and for h = l, ■ ■ • , n

ahi = [«*«/*»],j - 1, • •• , n - 1 ; o»m = [«*«/*] + er»\ßuu**\ ;

ak i=   [ßh01ik^],j = p+  1, • , » ;i a».»+i =   Z e'x"(1-,')[/3AW¿**+1]

-  22,e~pwiy[akùiikk+1].

»=M-t-l

Birkhoff, these Transactions, vol. 9 (1908) pp. 389-395.
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The notation [ ] is used to indicate the leading term of the asymptotic

form in question. The exponential terms in the determinant Ai are bounded

for all x and y on (0, 1) and for all p on Si, and l/{[öo]+e''"''[0i]}> in which

do öi 5^0 by the regularity of the boundary conditions, is bounded for all

p on Si'.* Hence we are able to write

Í 1--J ( npn~lG —\~   2Zel"°^z~y)ü>i ; +  JZ e"",(I_1',co,ij

/       JS       ,        mi(x,y,p) (=$ ,m(x,y,p)\

V. «=1 P ¿=»i+l P /

t=n t=n

+  }Z e"°ixMi(x,y,P) +   ^«'"""""^J.P)
¿=,.+1

where m and Ai denote functions bounded for all x and y on (0, 1) and for

all p on Si'. Thus, by Lemmas III, IV, V we see that

ill-J ( npn~lG - < —   2Z e"">(x-")coi ; +   ~}Z e^^-^uiXdp

is bounded Ogygl, 0<a=x = b<l, for all 71 on Si'. The application of

Lemma III, it should be observed, is made to the bracket term on the right,

which is clearly of the form m/p for all x and y on (0, 1) and all p on Si.

Of course, in the result just obtained we may replace G by G ; a combina-

tionof the facts thus established shows that the integral

r       /     p4nY

is bounded 0 g y = 1, 0 <a = x = b < 1, for all 7! on Si', 1^0.

Case II. p on S2'. We now multiply the first p —1 columns in the nu-

merator determinant of G by ivi(y), ■ ■ ■ , è*V-i(y) respectively, the next

p. columns by — %vß(y), ■ ■ ■, —\vn(y), and add to the last. We then continue

as in Case I, finding

np»-lG = { -  ¿ •»•'<-»> [ai] ; +  £ e""(*-») [«<]} +
V t-l i-M / [00]e-*» +  [0i]

where A2 differs from Ai in Case I in having the definition of o*M replaced

by

a0,„ = e'"M(»-i>[l] ; a,,» = «->»<«[«*«„**] + [p\ttf>],  h = 1, • • • , n,

* Birkhoff, Rendiconti del Circolo Matemático di Palermo, vol. 36 (1913), pp. 120-121.
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and in having the sums in the definition of ah,n+x, h>0, extended from i = l

to i=p — 1 and from i=p to i = n respectively. The exponential terms in

the determinant A2 are bounded for all x and y on (0, 1) and for all p on

S2'; and l/{[f7o]e_',"',+[ö1]} is bounded for all p on Si'. The reasoning now

proceeds as in Case I. Thus we see that the integral

M'-â'»-9*
isbounded0gygl,0<fl^x^&<l,forall72on5'2', 1^0.

By combining the facts in Cases I and II we obtain the theorem as stated

for the integral over 7 on S'. Since S' is arbitrary the result holds also for

the arc T on 2' and can be interpreted in terms of the circles C in the X-plane.

We next demonstrate

Theorem VIII.    Under the hypotheses of Theorem VII, the integral

j     frepn-Yl - —-) (G(x,y ; p") - G(x,y ; pn))dpdy,

where 1^0 and 0^a<ß^l, has the limit zero as R—»«3, uniformly 0<agx

= b<l.

We split the integral over (a, ß) into the sum of the integrals over (a, x)

and (x, ß) ; since the last two integrals are of the same form we consider but

one of them.

Case I. p on yx. We employ the asymptotic form of npn~xG obtained in

the preceding theorem. In the determinant Ai the variable y occurs only

in the last column so that the integration with respect to y can be performed

directly in the determinant. We see at once that

f "       /       m\
I      e^ivl 1 -j-\¿y =

gpuifl—x) — gp«,'(l—a)

P<l3i

m m(x,a,p)
1    J    epwi<.i-V) —dy =

Jx p R

for all x and a on (0, 1 ) and for p on yx, i = 1, • • ■ , p. ; and that

fxe"°'i
m\ m(x,a,p)

^-p)dy = —R—

for all x and a on (0, 1) and for p on yx, i=p.+l, ■ ■ ■ , re. Hence we see that
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J   il--J (npn~lG-< —   ¿Z, «*"'<*~*>«*i J   +   £ C""i(*~")wj   >}dpdy

CCf      Ö       ,     ,im(x,y,p)        *=»              »n(x,y,p))
=   j (-2, ep»«*-*)-; + 2J e""«1-»5-Vdpdy

J X      J y,\ t=l P t-p+1 P '

If/      *='' '"" \
+ —I   (    Z) e""'Iw„+i(x,a,p) +   X) e'»i(I-1)wn+i(a;,a,p))dp.

RJy¡\      i_l t-M+1 /

The two expressions on the right of this equation approach zero uniformly

as 2?-♦»f 0 <a = x = b < 1, by Lemmas IV, V, VI.

We can replace G by G in this result ; and we may write ß instead of a.

Thus it follows that

Jim J      f wp»-Vl - ~-\ (G(x,y ; p») - G(x,y ; P"))dPdy = 0

uniformly 0<a^x = b<l.

Case IL p on 72. We must use here the asymptotic form of np"~lG

employed in Case II of the preceding theorem. We separate the integral

over (a, ß) into two parts as in Case I, and then perform the integration

with respect to y in the last column of the determinant A2. On expanding the

determinant we have

í    í   Í 1-J lnpn~lG — \—   JZ eP"ilx~y)o3i ; +   2Z e^i^-^aAjdpdy

ni      v^"1     ,     ,mi(x>y>p)         v?      ,     ,nii(x,y,p)\
< —   ¿Z e"M<(l-,,)-; + ¿v e(w.(*-»)->dpdy

,2(          »=1                                P                       >=e                                P /

1     /»        /i=f-l »-» \

+ —1      ( Z e^ixm„+i(x,a,p) +   YA^i{x-l)mn+i(x,a,p)\dp.
RJy«    \ »-1 t=M /' T 2     N t~1 *=*'

By Lemmas IV, V, VI, the expressions on the right approach zero uniformly

as R—»<», 0<a=x = b<l. Thus, as in Case I,

uniformly, 0<a^a;^&<l.

From Cases I and II we conclude the truth of the present theorem. By

the arbitrariness of the sector S' the theorem remains true if the integration

with respect to p takes place over T.
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From the two theorems just established there follows

Theorem IX. If f(x) is any summable function defined on (0, 1) and if

i^O, then

Jim J f(y)jnp"-l(l - —-) (G(x,y ; p») - G(x,y ; pn))dPdy = 0,

Aihn ff(y)j (i - ^) (G(*,y ; *) - G(x,y -, \))d\dy = o,

uniformly, 0<a¿x¿b<l.

We see at once that Theorems VII and VIII together give us the sufficient

conditions of Theorem IV and therefore establish the present theorem with

regard to the first integral. Since the sector S' is arbitrary the arc y may

be replaced by T in the first integral; and then a return to the variable X

gives the second integral.

Theorem IX clearly yields a large amount of information concerning the

behavior of the expansions arising from two distinct regular differential

systems of order n = 2p. — 1. There is one point, however, which we desire

to examine before stating our final theorems on the comparison of these

expansions. If we let Na, A a be the number of residues of the two Green's

functions G and G respectively arising from poles in the circle C of radius

A, we clearly have | A a — Na | á A independent of A, though it is not necessary

that Aa = Aa. Thus the expansions determined by the integrals over C

are not compared term-by-term in Theorem IX in general. In order to

compare the sums given by the first N residues in the two cases we clearly

need to obtain a generalization of the theorem of Riemann-Lebesgue, familiar

in the theory of Fourier series : we need to show that the sum of any limited

number of terms of the expansion becomes arbitrarily small when each term

of the sum arises from a pole of G sufficiently removed from the origin. This

is the aim of the theorems which succeed.

Theorem X. The residues of the Green's function for a regular differential

system of order n = 2p. — l are a set of functions of x and y uniformly bounded

for all x and y on (0, 1).

On the region S', npn~1G(x, y; p") is uniformly bounded for all x and y

on (0, 1), as we s?e from the asymptotic forms discussed in Theorem VII.

Now we can compute any desired residue of the Green's function by evaluat-

ing the integral
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R'(x,y) = —- j   npn~Kl(x,y ; pn)dp
¿■KlJn

taken over the circumference of the circle a of radius e described about the

corresponding pole of G in the region 2 ; the circles a remote from the origin

lie entirely interior to a region 5. Thus we find \R,(x, y)\ =^Me for all x

and y on (0, 1), v = l, 2, ■ •

Theorem XI.    Under the hypotheses of Theorem X, the integral

\   pß P pß
— I    I »Pn_1G(x,y ; pn)dpdy =  I  R,(x,y)dy

approaches zero uniformly, O^x^l, as the center of the circle a recedes in-

definitely from the origin.   We suppose 0 ^ a < ß g 1.

As in Theorem VIII we divide the integral over (a, ß) into integrals over

(a, x) and (x, ß), of which we consider only one in detail. We then show that

on S' we have
J»(x,a,p)

npn~lG(x,y ; pn)dy =-■X p
It follows that

IX X
ß

npn~1G(x,y ; pn)dy
2irMe

R'

where R' is the shortest distance from the origin to the circle <r.

Case I. p on Si'. We refer once again to the asymptotic form of

repB_1C7(x, y ; p") given in Case I of Theorem VII. We perform the integration

with respect to y directly in the determinant Ai as in Theorem VIII and find

that the contribution of this term is of the form m(x, a, p)/p, just as before.

It remains to treat the bracket terms in the asymptotic form.  We have

J'a              /         mA            1 — ep°iix-a)       c"             mi           mi(x,a,p)
ep«,-(*-v) l œ. _|--\ dy =-1-  I   gp«.(»f-») — dy =-

x                         \                 P /                                    P                         J x                           P                                  P

for p on Si, O^a^x^l, i = l, ■ ■ • , p.; and

mi(x,a,p)
J   g(K.<(*-j.) f c; -|- j dy =

for p on Si', Oás^a^l, i=p.+l, ■ ■ • , n.   Hence, the bracket terms also

contribute an expression of the form m(x, a, p)/p, p on Si', for all x and a on

(0,1). Consequently on 5/ we have

m(x,a,p)
np"~1G(x,y ; pn)dy =-•

£•
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Case IL p on St'. The procedure is the same as in Case I except for the

difference of the two sectors with regard to the constant «„.

As we have already pointed out, the theorem flows at once from the results

of Cases I and II.

We now obtain the generalised theorem of Riemann-Lebesgue:

Theorem XII. 2/ the hypotheses of Theorem X are fulfilled, and if
f(x) is any summable function on (0, 1), then

liriJo        Jt
np"~lG(x,y ; p")dpdy

approaches zero uniformly, 0^*^1, as the center of the circle a recedes in-

definitely from the origin. In other words, if R,(x, y) is the residue of G(x, y ; X)

corresponding to the pole X =X„ then

lim f f(y)R,(x,y)dy = 0
*-.» Jo

uniformly, 0 —xg 1.

The theorem is estabUshed at once by comparing Theorems IV, X, XL

We can now make the following fundamental assertion:*

Theorem XIII. On any closed interval (a, b) completely interior to

(0, 1) the term-by-term difference of the expansions formed for any summable

function f(x) in connection with two regular differential systems oj order

n = 2pt — l converges uniformly to zero. These series we shall call Birkhoff

series of order n = 2p.—l; and we may restate the preceding result, saying that

any two Birkhoff series of order n = 2p. — l are equivalent on (a, b). In particular,

Birkhoff series of order n = 2p. — l are equivalent to Fourier series on (a, b).

The material on which the proof rests is to be found in Theorems V,

IX, XII. If we take / = 0 in Theorem IX we find that

— (f(y) f (G(x,y ; X) - G(x,y ; \))d\dy
¿iriJo       Jc

gives the difference of /Va terms of one series and /Va of the other, and

approaches zero uniformly on (a, b) as A—►«>.    By Theorem XII we can re-

* Tamarkin, D. E., Chapter V, has shown the truth of the last statement here, without actually

discussing the term-by-term difference of the two series; his statement of the result is found in

Lemma 6, where we have p=l, w*(x) = l/n, q=2r, |e*| = l.
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move a limited number of terms from each series without affecting the uniform

convergence of their difference to zero, provided that the terms removed

correspond to poles of the Green's functions which recede indefinitely from

the origin. Because of the regular distribution of the poles of the two Green's

functions, we can always do this in such wise that we obtain the term-by-

term difference of the first N terms of the two series, which therefore con-

verges uniformly to zero on (a, b) as N becomes infinite, passing through all

positive integral values. Theorem V tells us that the Fourier series is a

special case of the Birkhoff series of order re = 2p — 1, and therefore justifies

the last statement of the theorem.

The consequences of this theorem are so important that it is worthwhile

to describe them in detail. The theorem means essentially that on any

interval (a, b) interior to (0, 1) any two Birkhoff series of order n = 2p. — l

have exactly the same behavior and both behave like Fourier series. In

particular, properties of Fourier series such as uniform and non-uniform

convergence, divergence, oscillation, uniform and non-uniform summability,

are carried over directly to Birkhoff series. The various tests for the conver-

gence and summability of Fourier series apply also to Birkhoff series.

We conclude the existence of continuous functions whose Birkhoff series

converge non-uniformly or diverge. Gibbs' phenomenon is common to

Fourier series and Birkhoff series. The theorems of Fejér-Chapman and

Lebesgue-Hardy are true for Birkhoff series. Another important fact

which we may observe is that the behavior of Birkhoff series at any interior

point of (0, 1 ) depends only upon the nature of the expanded function in the

neighborhood of that point.

It is also in place to note that, for the class of all summable functions,

this result is the strongest that can be obtained. The equivalence cannot

be extended to the entire interval (0, 1) as can be shown by an example.*

In the preceding paragraphs we mentioned the theorems of Fejér-

Chapman and Lebesgue-Hardy, which are concerned with the Cesàro

summability of Fourier series. It is not without interest to apply our methods

to prove these theorems. To accomplish this we need a lemma whose truth

is suggested by facts from the theory of Bessel functions.

Lemma VII.    The function

$(«) =   f   (1 - 4>*ye-ia*d4> = 2 f (1 - <p*)1 cos acpdip,    l=0,

* Stone, these Transactions, vol. 26 (1924), pp. 335-355, § II.
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satisfies the inequalities

|f>(o) | = K,     0 = a = 1 ;     | $(«) | = KoT1-1,     a = 1,

where K is a suitably chosen positive constant.

The first inequality is obvious ; the second we demonstrate by contour

integration in the complex <p-plane. We may describe the contour as the

boundary of the simply-connected closed region obtained from the rectangle

with vertices —1, +1, + 1—ai, —l—ffi,cr>0, by the introduction of a cut

along the negative axis of imaginaries from — i to — <ri. In this region the

function (1— <p4)ie_ia* is analytic, except at —1, — i, +1, and continuous;

at the origin it has the value 1.   By Cauchy's theorem we have

a+l s.+1—ai /.—ai f*—* /.—tri p—l—ai
+ J +J +j +j +j

•1 «/ + 1 */l—ai *> — ai •/—t •/—<r»

f )<J-l-ci/

+

j       (1 - <t>4)le'ia*d<f>

1(1 - <p*)le-*"*d<b = 0.
J-l-ai/

On writing <p = l — it/a we find

=   -   f   (1 - (1 - it/a)*)'e-*^'dt
I a Jo

^ a-'-1  f /*(4 + 6/ + M2 + t3)le-'dt = Ka-'-1/^,
Jo

for a = 1, a > 1. Similarly, if we set <p = /—ai we obtain

In—ai p 1
j     (1 - ^Ye-^dtb   =     I   (1 - (t - o-iy)le-°ae-iatdt

Jl—ai I Jo

= e-'(l + (1 + <t)4)1->0

as (T—»oo, for as£l.   Likewise by the substitution <p= —i—it/a we see that

J    /.(i-l)a

l£(1 - <¿4)¡e-'°*d<¿>=   - f (1 - (1 -t- t/a)*)'e-''-tdt
I OiJo

= a"'"1 f /<(4 + 6/ + At2 + t3)le-'dt = Ka-'-l/4,
Jo

for a = 1, <r > 1.   Hence, on allowing a to become infinite in these three terms

and on treating the last three in the same manner, we find

| $(«) | g Ka-''1,     a=l,

as we were to show.
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We can now establish

Theorem XIV. The Fourier series for an arbitrary summable function

is summable (C, I), I >0, to that function almost everywhere* If the function is

continuous, then the summability is uniform, 0<o^x^&<l.f

Taking the differential system u'+\u = 0, u(0)—u(l)=0 we are to show

that if f(x) is summable

lim— f   ff(y)(l- ^-) G(x,y; \)d\dy = f(x)
,..«, ¿iriJo Jc,       \       A*/

almost everywhere on (0, 1). We adopt the notations

F(z) =f(z + x)+f(-z+x)- 2f(x), JF(z) = f | F(z) | dz.
Jo

We choose any value of x for which

lim $F(z)/z = 0,    0< x < 1.

By a theorem of Lebesgue these values of x form a set of measure one.J

Theorems IV, VII, VIII show us that the only significant contributions of

the integral are

^-.ff f(y)(i - iV) \eMv~x) > ol^y
¿TlJo Jyx \ A;/

2iriJo Jy<i        \       A;/

J      px   p+r/2

=- I     I        /(y)(l - e^yA^'^'-i-^e^dedy
2ir Jo J—r/2

I      pi   p3x/2

-I    I      f(y)(l - e*ir)lA¿*al*-*)eitM¿yt
2x Jx J*I2

where we have recalled the fact that \=A,e'e on y. Henceforth we shall let

A be a continuous variable. In the first integral we set <p= — ie1', z=x—y,

and in the second <p = — iea, z=y—x. There results

1 r* i r1_I
— I /( - « + *)A4>(A2)d2 + — I    f(z + x)A$(Az)dz.
2irJo 2irJo

* Hardy, Proceedings of the London Mathematical Society, ser. 2, vol. 12 (1912), pp.

365-376.
t Chapman, Proceedings of the London Mathematical Society, ser. 2, vol. 9 (1911),

pp.369-409.
X Lebesgue, Leçons sur les Séries Trigonomêlriques, Paris, 1905, §50, p. 96.
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If we take A £x, 1 —x we have as A—»»

f f(-z+ x)A$(Az)dz   = KA-'A-'-1 f | /( - z + x) \ dz -» 0,

f      f(z + x)A$(Az)dz    = KA-'A-1'1 f    \f(z + x)\ dz-^0.

Furthermore, we see that

1  rA 1 rx CA 1 fl sin ^A<t>
— |   A4>(Az)dz = - J    I   (1 - <P*)lA cos Az<pdzdcb = - ( (1-04)'-a>.
2içJo txJo Jo ttJo xf>

The last integral, essentially the well known Dirichlet integral, has the

limit \. To prove our theorem, then, it is sufficient to show that

1 r
lim —I
a »oo 2irJo

A

F(z)A4>(Az)dz = 0.

We can establish this by following Hardy's discussion of a precisely similar

integral. In his treatment, the essential properties of the function corres-

ponding to our function $ are those which we enumerated in Lemma VII.

This theorem was demonstrated by Lebesgue in the case I = 1, and by Hardy

in the more general form. It is not difficult to see that when 0<a=x^¡b<l

and f(x) is continuous, the steps of the proof can be carried through in the

same manner, with the additional result that the convergence is uniform in

* because of the fact that

lim <5(z)/z = 0    uniformly,    0<«ai|J<l.

This result, due to Fejér for 1 = 1, was established in the general case by

Chapman.

In our preceding theorems we have compared series only on an interval

(a, b) completely interior to the interval (0, 1) on which they are defined.

If we wish to consider the entire interval (0, 1) we find it possible to do so

when we compare the series arising from differential systems sufficiently

alike. It is sufficient to restrict the boundary conditions so that ai = äi, • ■ •,

otn = än, ßi = ßi, • ■ • , /3„=j8n, ki = í¿i, • ■ ■ , kn = Ícn, as we shaU see presently.

We first introduce new lemmas which serve as useful tools in studying the

questions thus raised.

Lemma VIII.   On any region S'

[do] + e^[0i]

[So] + e^[Si]
=  [1]    //    0o = ôo,01 =



728 M. H. STONE [October

On SV we see that

([6o] + e^[ex]) - ([öo] + C-m[Si]) = [0] + e"*[0]i= [O],

whence

[do] + e^[6x]
= 1 +

[o]

[êo] + e^[ëx

Similarly, on S2', we find

[9o] + e>**[6i]      [do]e->"* + [8X]

[do] + e>°»[ex]

=  [1]

=  [!]•

[d0] + e^[ex]       [8o]e->^+ [0X]

Lemma IX.    The integrals

nx      ,,     m(x,y,p)gPCi.d-»)   -   ¿y¿p

P

m(x,y,p)

XX"•/ y, va

e—pu,y . dydp

nx   „,  ,™(x,y,p) , ,Cp«.(i-¡/)-dydp
P

XX"
m(x,y,p)

g-puiV - dy¿p

(i = 1, • • • , p),

(i = p + 1, • ■ • , n),

(i= 1, ••• ,p- 1),

(i = p, ■ ■ ■ , n),

where \m(x, y, p)\^M for all x and y on (0, 1) and for all p of sufficiently

large absolute value on Si' or S2', as the case may be, converge uniformly to zero

as R-*oo, O^xgl, O^agl.

Leaving aside for the moment the integrals for which i=p, we may take

as typical the following procedure :

illI   r   rx m irM \  rx
I     epa>i(l-V> _ dy¿p       ̂ -|     e-Rß(l-«)dy

I Jy,Ja P In  \JaIn

tM

2ßnR

,        tM
e-Rß(l-x)   _  g-Rß(l-a) I   ^-»Q

ßnR

In the two integrals where i=p, we operate as follows:

HI

dy dp á M
nrl2n

e-R*<,i-v)nd<pdy

x    I   _   g-xfl(l-y)/4r>

*(1 - y)
dy\^

M I    p{l-x)R    I   _   g-xf/4n

7?

pt.l—2

J( l-a)

f.
Í

d£

2M  /-¡¡l- e-'f'4"

i? Jo Í
The second integral with i=p is discussed in an analogous manner.
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We can now prove

Theorem XV. If G and G are the Green's functions for any two regular

differential systems of order n = 2p—l for which oti = äi, ■ • ■ , an = än, /3i = /3i,

• • • , ßn = ßn, ki = k~i, • ■ ■ , kn = £,, then for any region S' the integral

Xnp"-1(G(x,y ; p») - G(x,y ; p"))dp

is bounded for all y and for all x and y on (0, 1).

We must consider separately the integrals over 71 and 72.

Case I. p on Si'. We refer to the asymptotic forms of «p"_1 G and

np"-1 G given in Theorem VII. If in the form for npn~1G we expand the deter-

minant Ai we are led to a sum of terms each of which is the product of a

certain number of exponential functions, bounded for all p on Si and for

all x and y on (0, 1), multiplied by an expression of the type [^4]/{[0o]

+e"i"[0i]}. In npn~1G the term containing the corresponding exponentials

has the coefficient [31/{[0~o]+e'"''[0"i]} where by hypothesis A=A, 0o = 0o,

0i = 0i. If we subtract the corresponding terms, the resulting coefficient

becomes, by Lemma VIII,

[A]_[I] =    [A] -[I]    m [0] m
[0o ] + «"•" [0i ]       [So] + e""[Si]       [0o ]+«"■* [0i ]       [0o] + e^'[0i]

for all p on Si' and all x and y on (0, 1).  Now each product of exponentials

from the determinants At, ¿1 contains exactly one of the functions

gpw1(i—1/)   . . .    gpujiii—n)   g—pau+iv   ■ ■ ■    e—'""nV.

If we group the terms in the difference npn~1(G — 5) according to the exponen-

tials in y which they contain, we see that we can write

—       it? nii(x,y,p) *z? mAx,y,p)\
„pn-i(G - G) = { -   JZ e'"«*-»' ; + JZ e»-«*-» \

\ i-l P i-H-1 P '

tí; mn+i(x,y,p)       *=" mn+i(x,y,p)
-j-      >      gP««(l—V)-1-      >     g-puiV -

i-l P l-d+1 P

m(x,y,p)

P

where the functions m are bounded for all p on Si' and all x and y on (0, 1).

The application of Lemma III to the last expression proves that

I  »p»-1(G(*,y;p») - G(x,y ;pn))dp
Jti

is bounded for all 71 on Si' and for all x and y on (0, 1).
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Case IL p on 52. We now find for the difference npn~i(G — G) an expres-

sion like that of Case I, different only in having the sums extended from

* = 1 to i=pL — 1 and from i=p and to i = n respectively. The desired result

for the integral over y2 is then established at once ; and the theorem follows

at once.

Theorem XVI.   Under the hypotheses of Theorem XV,

lim j    I  npn~1(G(x,y ; pn) — G(x,y ; p"))dpdy = 0
«♦ce Ja  Jy

uniformly for all x on (0, 1).

We take the integral over (a, ß) as the sum of integrals over (a, x) and

(x, ß). Of these we consider but one.

Case I. p on Si'. From the expressions obtained in Theorem XV we

see that

Ja   J y

npn~l(G - G)dpdy

y,

mtí¡ mi        'if ma_  J2 eo"í(*-») — ;+ 2J e""^1-"' —>dpdy
¿=1 P »-M+1 P /

+  C f (   £ «""«-»> — +  2 <-»>» ^) dpdy - 0,
Ja  J y, \     t=l p i-ß+1 P    /

uniformly, 0 gx g 1, 0 5¡a ^ 1, as R—»oo, by Lemmas VI and IX.

Case IL p on St'. We use the work of Theorem XV and Lemmas VI

and IX exactly as in the preceding case. The double integral over y and

(a, ß) therefore behaves as described.

Theorem XVII.    Under the hypotheses of Theorem XV,

lim j f(y) j   npn~1(G(x,y ; p") - G(x,y ; pn))dpdy = 0,
R~*>Jo Jy

lim ff(y) f (G(x,y ; X) - G(x,y ; \))d\dy = 0
A-.« •'O Jc

uniformly for all x on (0, l),for any summable function f(x).

We combine Theorems IV, XV, XVI to obtain the limit of the first

integral. If we take arcs y on two adjacent sectors S' and transfer the results

obtained for the integrals over them to the X-plane, we find the second limit.
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As Theorems IX and XII resulted in the first part of Theorem XIII,

so Theorems XII and XVII lead to

Theorem XVIII. The term-by-term difference of two Birkhoff series of

order n = 2p. — l for any summable function f(x) converges uniformly to zero,

O^x — 1, provided that the boundary conditions of the two differential systems

defining the series can be reduced to normal forms for which cti=ai, • • ■ ,

an=bln, ßi = ßi, • • • , ßn = ßn, ki = ki, ■ ■ • , kn = icn. Such Birkhoff series are

equivalent on (0,1). The differential system

«<»> + Xw = 0, n = 2p - 1,

«i«(*i>(0) + |8i«<»i>(l) = 0,      n - 1 = ki = k2 è • • • è *., ki+t > ki,

anu^(0) + Ä,«<*«>(1) = 0,

where a, ß, k satisfy the conditions for regularity, can therefore be regarded

as typical of regular differential systems of order n = 2pt — l in the consideration

of expansion problems with respect to the class of all summable functions.

This theorem is the generalization to the case n = 2p. — l of the leading

results of Haar and Walsh mentioned in the introductory paragraph. We

shall apply it to the discussion of Birkhoff series at x = 0 and * = 1.

We shall introduce two determinants Di(a;, y, p) and *Dt(x, y, p) which can

be obtained from the two determinants Ai and A2 described under Theorem

VII by replacing each term of the form [A] by the dominant constant A,

and deleting the terms in e9"». We can then prove an interesting inter-

mediate theorem.

Theorem XIX. If f(x) is any summable function on (0, 1) and if G

is the Green's function for a regular differential system of order « = 2p —1, then

/»l f. í '—¡i i=n \

lim     f(y) |  (*p—«(«.y ; pb) - < - 2Z e^««-»'«« ; + }Z «""<-»>«<}•
B.joJo Jy, \ i-1 i-H-l /

1
- —<Di(x,y,p))dpdy = 0,

0o

/»l /• C i=ix—l i—n \

lim     f(y)     (np"-*G(x,y ; p») - < -  E^<»-"«i ; + }Z *-«<•-•'>«<[•
R-.x,Jo Jyt \ i-1 <=M )

1
- — Ot(x,y,p))dpdy = 0,

0i

uniformly, O^ac^l.
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By Theorem XVIII, it is sufficient to consider the typical differential

system there described.

First integral. On substituting ui = e'""ix, Vi= —Uie~'"'iy/npn~i in the

explicit formula for the Green's function, we obtain for p on Sx' the asymp-

totic form given in Theorem VII, where now any expression [A] can be

written as the sum of the constant A and a number of exponential terms

formed by taking products of epai, • • ■ , e""*-1, c^+i, • • • , e'"». The ex-

pressions [A] in the bracket terms and in the first row of the determinant

Ai reduce to the constant A. Since we can put
gp"i =  gpwpgpui—poip       I gpui—pup.    I   = gR(i>";)-R(p»Vi)     <   1       (j  =   1     ...       « —   1)

g-pui  —   epupe-pui- pa> (  I g-pu,—p<oM I   _   g-R(p«i)-R(p«M)   _\   \ (i  =   p +  \,   ■   ■  •   ,   n) ,

for all p on Si',we find [A] = A+e:"**m(p).   If now we expand the determinant

Ai we see that
i=H ¡=7l

Ax = <Di(.v-,y,p) + e""" £ C"°'(l""I/)reii(x,p) + e'"" £ e-'uivmi(x,p).
•-P+1

Slight manipulation shows that

1 1 e>"*mi(p) 1
=-e^M(p)

[Oo] + ¿»»[Oí]       do       [eo] + e'^[ex]       00

for all p on Si'. Therefore we find
/ ¡=/l ¡=71 \ X

np"-]G — < -   £ e^'^-^wi ; +   £ e»"<(*~,,)««>-Di
( ¡=1                                    i-ji+1                       /          &o

(imp. i"-n                                           \

2~2 e^iil~"'>Mi(x,p) +  X) e-<"*iyMi(x,p) 1= epa"M(x,y,p)
¡=1 ¡=H+1                                             /

where the functions M are uniformly bounded for all x and y on (0, 1) and

for all p on Si'. The first integral can now be brought under Theorem IV.

For
Ip p*l2n

I  e*<**M(x,y,p)dp   g M I      erR*¡2Rd<p = 2M(1 - e-*fi/4n) ̂  2M,
J y. Jo

while

c^l 2~2 e"ai(1-I')3/i(x,p) + X)e~pu,'"M<(*,p))dpdy
,,      \ ¿=.1 ¡=»/i+i '

|y> / ¡=M gpu>i(l—or)   —   gpaiiCl— ß) i=n g—piaia  —   g—pwipX     dp

e>°4 TiMi-+  E^»-) —
Jyt \ ¡=1 0)i ¡=d+l <¿i /      P

^    M'   f
Jo

«72»

C-R* '2d4> -> 0,        OSiSl.

The theorem is therefore established for the first integral.
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Second integral. By proceeding as in the case of the first integral, we

show that the integrand in the second has entirely similar properties, due

account being taken of the behavior of p«„ on S2'. The theorem is then easily

proved for this integral.

In these facts, then, we see the expansion problem set by Birkhoff stripped

of all asymptotic encumbrances and expressed explicitly as a problem involv-

ing only the elementary functions in linear combination.

On setting x = 0, x = l, in the integrals of the preceding theorem we can

effect still further reductions. We denote by A0, A1, A0, A1 determinants

obtained from Di(0, y, p), Di(l, y, p), A(0, y, p), D2(l, y, p) respectively

by appropriate modifications of the first rows; more exactly, in the last

four determinants those terms of the first rows explicitly involving the

variable p as an exponential are replaced by zeros.

Theorem XX. The limits described in Theorem XIX are still valid

when x is set equal to 0 or 1 and the determinants D are replaced by the corres-

ponding determinants D. For example,

/%1 p i=n 1

lim J f(y) I   (np"-H}(Q,y ; p") - }Z   e-^'m-A°(y,p))dpdy = 0.
A-.» «Jo Jyt i"tt+l 00

By Theorem XIX it is sufficient to show that

lim  ff(y) f (Oi(k,y,p) - D*(y,p))dpdy = 0
«-•«j Jo Jyx

for i = 1, 2 and k = 0, 1. Since we have, by reasoning like that used in the

proof of Theorem XIX,

Di(k,y,p) - Dik(y,p) = e>"°mik(y,p)

where the functions m are uniformly bounded, Ogygl, for p on Si, k=0,

1 ; and since we can obtain similar expressions for the difference Dt(k, y, p)

—Dt(y, p) for k=0, 1, we are able to complete the proof exactly as in

Theorem XIX.

To apply Theorem XX to the study of the convergence of Birkhoff series

at x=0 and x = l we demonstrate the three lemmas which foUow. These

lemmas are generalisations of standard theorems concerning the Dirichlet

integral.

Lemma X. 2/ f(x) is summable on(0, 1) and if Xi = ei9i, and X = e2í9¡>, where

0i and 6t are two distinct constants on the range ( — \ir, \ir), then

Jl              g—R\,y _  g—KKzv
f(y) ■-dy = 0,    e > 0.

y
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Since the first factor of the integrand, f(y)/y, is summable on (e, 1) and

since the second, e~R>L'y—e-RX'y, satisfies the sufficient conditions of Theorem

IV, as may easily be shown, the lemma is apparent.

Lemma XL // <p(x) is summable on (0, 1) and of bounded variation on

(0, «), then

/•l g—BXiV _  g—B\ty

lim I  <p(y)-dy = <f>( + O)(0. - 0i)¿.
b~»Jx> y

We show that the function (c-^1*—c_ÄXu,)/y has two properties which

are the essential elements in weU known proofs of this lemma in the case of

the Dirichlet integral.

In the first place, we show that

/»l     g—BXiif _  g—BXjV

lim i     -dy = (02 - 0i)i.
b~*>Jo y

In the plane of the complex variable t we determine a contour consisting

of the rectiUnear segments (rXi, 22Xi) and (rX2, 2?X2) and two circular arcs

c and C of radii r and R respectively described about the origin and lying on

the right half-plane.   Then

/•*                             dy                     / /*BX» e~ '            /»fix« g— t    \
lim I   (er**** - e-***") — = lim    limf I       -dt -  I       -dt) .
B~x>Jo y fi-»      MW, t Jrx,        t        /

By using the contour described and applying Cauchy's theorem, we can

replace the last Umit by

lim I   -dt - lim  I   -d/ = (02 - 0i)t - lim j   -dt = (02 - 00».
r-.oo Jc       t R-.x Je      t R^a, Je     i

The second property needed is that the integral

%b g—R\iv _  g—R\ty

X dy

is a uniformly bounded function of R for aU a and b on (0, 1), no matter how

a and b may vary with R. Clearly it is sufficient to show this for the special

case a = 0. On writing B=Rb, we find

rh e~RXlV — e-RXlV rB** e~'dt

I   -dy=(02-0i)i-  |       -,
Jo y JB\     t

whence the result is apparent.
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It is now a simple matter to demonstrate the lemma.*

Lemma XII.   If <p(x) is summable on (0, 1) and if

$(x) = - I   <t>(x)dx
xJo

is of bounded variation on (0, e), then

pl g—R^iv _ g—RMv

lim J <p(y)-dy = 4>( + O)(02 - ßx)i.
-Jo yß-.«

The proof can be carried out along the lines indicated by de la Vallée

Poussin in a paper in which he established this result for the Dirichlet inte-

gral, t As he points out, this lemma includes Lemma XII as a special case.

We next prove

Theorem XXI. If f(x) is summable on (0, 1), then the convergence at

x = 0 or at x = 1 of the Birkhoff series of order n = 2pt — l for this function is

independent of the nature of f(x) outside arbitrarily small neighborhoods of the

points x = 0 and x = l.

By Theorem XX the convergence of the series in question depends upon

the behavior of certain integrals which we can write out explicitly and reduce

to the type discussed in Lemmas X-XII. These integrals arise from the

last columns of the determinants D. We use Xi, X2, $x, 02 to denote any con-

stants satisfying the relations laid down in Lemma X. Then, by fundamental

properties of pax, ■ • •, pw„ on SX,S2, we find that the integrals in question can

be put in the forms

\ f(y) f <s>ke^k^-^dpdy =   j f(l - y) j ù)ke"ak"dpdy
Jo Jy¡ Jo Jy,

J-.1                    g—ÄXiv_g— R\¡y
f(l-y)-dy

o                y

where 02 - 6X = - t/2«, k = 1, • • •, p.;

I f(y) I e>ke-'"'kydpdy =  | f(y)-dy
Jo     Jy, Jo y

* Hobson, The Theory of Functions of a Real Variable, Cambridge, 1907, ed. 1, §450.

t de la Vallée Poussin, Rendiconti del Circolo Matemático di Palermo, vol. 31 (1911),

pp. 296-299.
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where 02 — 0i = + ir/2», k = p + 1, ■ ■ -,r>

[October

/.I /. /»I o—R\,y_p—R\,y

if (y))   uke^k^-rtdpdy =      f(l-y)-dy
Jo Jy, Jo y

where 02 — 0i = — ir/2«, k = 1, ■ • ■, p, — 1;

I f(y) I   oike-^Mdpdy =   I f(y) -
Jo Jy, Jo y

dy

where 02 — 0i = +ir/2n, k=p, ■ ■ ■ ,n. It is immediately evident from Lemma

X that the behavior of these integrals, and therefore of the series for f(x)

at x = 0 or at x = l, is independent of the nature of f(x) except near these

points.

The use of the integrals computed in the preceding paragraph and of

Lemma XII enables us to state

Theorem XXII.    If <p(x) is summable on (0, 1), and if

1 cx 1 Cx
*i(*) = - I  4>(x)dx,   $t(x) = -\   t>(l - x)dx

xJo xJo

are of bounded variation near x = 0, then

lim-— f <t>(y) f np~-*G(k,y ; Pn)dpdy = Aik$i( + 0) + Bik^t( +
fi— 2tV — Wo Jyt

0)

where Aik and Bik are constants depending only upon the boundary conditions,

for i = 1,2, k = 0, 1. For example,

P- 1
AioM + 0) + Bio^t( + 0)=. —— *i( + 0)

in

+
4w0o

1 0 0 0

aitoi*1 •    ■ «lío/'    ßi^+i        • |8i«n*' — ßia2 2Z "i** — «1«! 2Z w*h
t=l i=ti+l

M+l

anw • anco/»   ft,»*,   • • ■ jSä*" - ft,a2 }Z »<*" ~ «»«1 S "i**1
0+1

«=0+1

wAere ai = í>i(+0), a2 = <í,2(+0). TÂe o/Äer constants may be explicitly deter-

mined in the same manner by reference to Theorem XX and the forms of the

determinants D.
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This theorem is a generalization of the result announced by Birkhoff for

the case re = 2p.*.

We shall make no further applications of Theorem XX. In Theorem IV

the sufficient conditions given are also necessary; by combining them with

Theorem XX we find necessary conditions that

lim   f   f/(y)(G(x,y;X)-G(x,y;X))dXdy = 0
A-»« Jo  Jc

uniformly, O^xgl. It seems as though these conditions in their simplest

form should involve only the constants a,a,ß, ß, k, k~, but we have been

unable to ascertain the accuracy of this conjecture.

V. The adjoint series for n = 2p. — l

We shall next take up the expansion problem which comes to us from the

integral

r-.f f(y)( G(y,x;\)d\dy,
¿iriJo        Jc,

where G(x, y; X) is the Green's function associated with a regular differential

system of order n = 2p. — l. If this differential system admits an adjoint,

in which the parameter appears as —X instead of +X, the Green's function

for this adjoint system is precisely G(y, x; X). Since the adjoint system is

essentially a regular differential system of order n = 2p. — 1 of the type dis-

cussed in §IV, the work of that section can be applied directly. Since the

differential systems which we are discussing are too general to admit ad-

joints except in restricted cases, we are faced with a new expansion problem.

The series obtained we call the adjoint series of order re = 2p. — 1, for obvious

reasons. Fortunately it is possible to throw the problem into a form which

presents such similarities to that discussed in §IV that we do not need to

do more than paraphrase the principal theorems demonstrated hitherto.

In fact, if we make the substitutions x = l— x, y = l—y,](y)=f(l—y),

we find at once

ff(y) ÍG(y,x ; X)dXdy =   f f(y) f G(l - y,l - z ; \)d\dy.
Jo       Jc, Jo        Jc,

Then, by interchanging x and y in the asymptotic forms of Theorem VII and

subsequently making the substitutions described, we obtain asymptotic

* Birkhoff, Rendiconti del Circolo Matemático di Palermo, vol. 36 (1913), pp. 125-126.
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forms for »pn-lG(l — y, l — x;p") which are to aU intents and purposes the

same as those studied in the preceding section. The fact that in the deter-

minants involved the terms in x and y occur in the last column and the first

row respectively instead of vice versa is entirely unessential. Thus for the

difference G(l — y, l—x;\)—G(l—y, 1— x;\) where G(x,y;\) and G(x,y;\)

are the Green's functions for two regular differential systems of order

« = 2p —1 we can state theorems analogous to Theorems IX and XVII.

For each Green's function there is a theorem parallel to Theorem XII.

Then we find the analogues of Theorems XIII and XVIII. Theorems XIX,

XX, XXI and XXII likewise have images in the present case, not only by

reasoning parallel to that of §IV, but also by the fact that the Green's

function can at this stage be regarded as arising from the typical differential

system of Theorem XVIII, which admits an adjoint falUng under §IV.

When these theorems have been phrased in terms of the variables * and y,

it is easy to return to the variables x and y.

Thus we have

Theorem XXIII.   Iff(x) is summable on (0,1)

lim ( f(y) f (G(y,x ;\)-G(y,x; \))d\dy = 0
A.-.toJo Jc

uniformly, 0<a^x^b<l.

Theorem XXIV.   2/ f(x) is summable on (0, 1) and if R,(y, x) is the

residue of G(y, x;\) at\ =X„ then

lim (f(y)R,(y,x)dy = 0
r—.»Jo

uniformly, 0 — x = 1.

Theorem XXV. On any closed interval (a, b) completely interior to

(0, 1) the term-by-term difference of the adjoint series formed for any summable

function f(x) in connection with two regular differential systems of order

n = 2ti — 1 converges uniformly to zero. We say that these adjoint series are

equivalent on (a, b) ; in particular, they are equivalent to Fourier series on (a, b)

The last remark results from the fact that the Fourier series obtained as

special Birkhoff series in § III are not altered by an interchange of x and y.
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Theorem XXVI.    The Green's functions associated with two regular

differential systems of order n = 2pt — 1 for which ax = ax, ■ ■ • , <*«=<*„, |8i=j3i,

• • -, ßn = ßn, kx = kx, • • ■ , k„ = k„, are such that for any summable function

m
lim ff(y) f (G(y,x ; X) - G(y,x; \))d\dy = 0

A-7«o«/0 Jc

uniformly, O^x^l.

Theorem XXVII. On the interval (0, 1) the term-by-term difference of

the adjoint series formed for any summable function f(x) in connection with two

regular differential systems of the form described in Theorem XXVI converges

uniformly to zero. Such adjoint series are equivalent on (0, 1). The adjoint

series arising from the regular differential system

m(b) + Xw = 0, « = 2p - 1,

arw<*i>(0) + |8i«<*")(l) = 0,      » - 1 £ *i £ *» £ • • • ¿ *- *<+i > *,,

a„M(*»'(0) + ßnU^(l) - 0

may be regarded as typical, so far as the class of all summable functions is

concerned.

Theorem XXVIII.    Iff(x) is summable on (0,1) then

lim I f(y) I ( nPn-Hi(y,x ; p") - <   2~1 efUiiv~x)u>i ; -  2~1 e"'(,'"l)w<>
R-*»Jo Jy¡ \ V   u-p+1 i—l )

-— <Dx(y,x,p))dpdy = Q,
0o /

lim \ f(y) j  ( «p"-1G(y,x ; p") - <   ¿ «»•«»-•>«< ; -  ¿ e~«*-*)uX
R-xeJo Jy,\ V     <-M »-1 /

- —D2(y,x,p))dpdy = 0,
0i /

uniformly, Oííx^l.

We now obtain from the four determinants Di(y, 0, p), £>i(y, 1, p),

iMy, 0, p), D2(y, 1, p) respectively four new determinants $i°, ÍDi1, $i°, Si1

analogous to the determinants D introduced in Theorem XX. In any deter-

minant D the terms in the last column explicitly involving the variable

p are replaced by zero to give the corresponding determinant 2).
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Theorem XXIX. If f(x) is summable on (0, 1) the limits described in

Theorem XXVIII are valid when x is set equal to 0 or 1 and the determinants

D are replaced by the corresponding determinants $>.  For example,

lim    f f(y) f (wp^'G^O ; p") +   ¿ e""'"co,-^(y^y^dpdy = 0.
fi-.»   J0 Jy,  \ i=X 00 /

Theorem XXX. If f(x) is summable on (0, 1), then the convergence at

x = 0 or at x = 1 of the formal adjoint series of order n = 2p — l for this function

is independent of the nature of f(x) outside arbitrarily small neighborhoods of

the points x = Q and x = l.

Theorem XXXI. If <j>(x) is summable on (0, 1) and if

l    ÇX l    ç.X
$i(x) = - I   4>(x)dx,      <bt(x) = - I   0(1 — x)dx

xJo xJo

are of bounded variation near x = 0, then

lim -—— f 0(y) f np*-H;(y,k ; P")dpdy = ï«^ + 0) + »¿*<ï>2( +
s— 2ttV - lJx> Jyi

0)

where the constants 21 and SB depend only on the boundary conditions, i = l, 2,

k=0, 1.   In particular,

Iio*i( + 0) + 8,0*s( + 0)= — ^i( + 0)
In

+
4w0i

ai

aicoi*1

aß+i

aiuß*< ft«
0+1

a„o¡xk. *■
ßnU

kr.

x+1

a„

ft^n*1

/W"

0

«i Z"i*,+l
i-d+1

t=~n

«n 2 COit''+I
i-0+1

wAere o,= —í>i(+0)/wí, i = 1,2, • • • , p, awda¡ = <í>2(+0)/a>¿, ¿ = p+l, •••,«.

TÄe o/Äer constants may be expressed similarly by reference to Theorem XXIX

and the explicit forms of the determinants 2).

This completes our study of the adjoint series of order n = 2p — 1.

VI. The derived series of Birkhoff, n = 2p — l

It is now convenient to restrict our attention to the regular differential

system
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UM +   +  + p2U<n-2) +   .  .  . + (pn + X)u  =  0,

Wx(u) = 0, • • ■ , Wn(u) = 0,

where pt, ■ • • , pn are real or complex functions of the real variable x,

continuous together with their derivatives of all orders on (0,1). The derived

series of Birkhoff are then expressed as the integral

t~- ri (fw (G{x'y ' x)dxdy (* -1,2, • • •),
2ti dx"Jo        Jc,

while a method of summing these series is given by

1     dk  r1       C    (       xV+i
— -- \f(y)\      (l--:)    G(x,y;\)d\dy,    Í è 0.
2xi ôxVo        Jc,    \       A,4/

If we wish to consider the series only for k = l, 2, ■ ■ ■ , K, the functions

p2, ■ • ■ , pn do not have to be so heavily restricted; but the complications in

statement thus introduced do not yield a proportionate increase in interest.

Lemma XIII.    Under the present hypotheses

dk   pi p   i \\k+l

JC  (        X4\*+i  dk

pi        p   /        X4\w  dk

+ X/wX,(1-Al)   ^g<*^»<^-
Since

X.('"Al)   Gix'y;^

is continuous together with its partial derivatives of all orders with respect

to x for all x and y on (0, 1) we have

gk pi      p   /      xv+í T1        5* c /      X4V+i

ÏaOX. (' "Al)    <^ - X *> ¡St (' "Al)   G^'
Now on the ranges 0gy<x, O^xgl, and x<y^l, Ogx^l, G(x,y; X)

is continuous together with its partial derivatives of all orders with respect

to x. Hence, on each of these ranges

dk c Í       XV+i C  (       XV'H    d*
-(1-)       GdXdy =        (1-J       -Gd\dy.
dxkJc,\      A4/ Jc,\       A4/        dxk
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The lemma foUows at once.

Lemma XrV.    The functions ^i(y), • • • , vn(y) defined by the identity

TlVi(y) + • • • + Tnvn(y) =

ui(y)

Wl(-»(y)

• «»(y)

• «»<-2)(y)

Mi(y) «»(y)

Ml(»-l)(y) . . . «B(»-l)(y)

have for a given sector S the asymptotic forms

-Wi /        »=- Bi(y)      Ei(y,p)\
Vi(y) =. -— e-""M 1 +  JZ J-—. + ——— ),

npn~l \        i_i (pun)'        pm+l  /

i = l, ■ • ■ , », where the functions B¡(y), 1 = 1, ■ • • , m, are continuous together

with their derivatives of all orders on (0, 1), and the functions E are uniformly

bounded for all y on (0, 1) and for all p of sufficiently great absolute value on S.

The functions B¡(y) are independent of the sector S*

We refer to Theorem III', from which we obtain

Fik(y,p)
«,.<*) (y) = (po}i)ke'*><»Pk(pai) + (pwi)V""-»

,m+l

where P*(z) is a polynomial in 1/z, with coefficients which are functions of y

and with the constant term 1. The denominator determinant in the denning

expression for the functions Vi(y), ■ ■ ■ , vn(y) is known to be independent of

-v.  Hence we have

vi(y) =

«i(y) Ui-i(y)       Ui(y) ui+i(y) «n(y)

«!<-2>(y) ■ • • u\Zf(y)     u¿»-»(y)    u%?(y) ■ ■ ■ «„«-»(y)

0 0 1 0       • • •       0

«i(0) «„(0)

Ml(n-1)(0) . .  . «B(n-1)(0)

— «<
g—puiy p

np"

* Milne, Bulletin of the American Mathematical Society, vol. 23 (1916-17), pp. 166-169.
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where P is the quotient

2£io
Po(pwi) +

,m+l

P—t(p»0 4
£i.„.

,m+l

Po(po>i) +

Pn-t(pWi)  +

Eio

pm+l

Ei ,n-t

nm+l

Po(pWn) +
EnO

Pn-t(pX^n)

pm+l

En,n—1

,m+l

Po(pwi) +
£l

,m+l
Po(pWn) +

£n0

,m+l

_       ,       .    ,   £l.n-l -.,%..   -En.n-1
Pn-l(pX*l) + ——-Pn-l(ptOn) + -—

y = 0

On expanding the determinants and performing the indicated division by

the usual processes employed in dealing with asymptotic forms we find

2>o(pwi)    ■ • • 2>0(p«i)    • • • 2Jo(pwn)

Pn-t(pO>l) •   •  • PB_2(pWi) •   •  • P„_2(PWB)

0       • • •        1       • ■ ■       0
Vi(y) =

np

Ui

— t
n-l

■ e~ p"iv

— w,-
= s<(y) + -    - e-""'"

Fo(p«i)    • • • Po(pWn)

Pn-i(pwi) • • • P„_l(piO„)

Ëi(y,p)

+
Ei(y,p)

,»+1

y = 0

tip n~l p"""1

Since wiUj/coi is an wth root of — 1 reducing to oj¿ for j = 1, it is clear that

Ñ<(y> p) — x>i(y, pw</wi). For vi(y) we have the development

.,     ,       -"1 /,   ,   tî-Bi(y)     i4i(y,p)\
»i(y,p) = -—-«^"l 1 + E 7—r: + ——r-j

»p"-1 \ ï=i  (pwi)' Pm+1   /

where .¡4i(y, p) is analytic at infinity in the p-plane, and the functions A(y)

are continuous together with their derivatives of all orders on (0, 1) for I = 1,

• • • ,m. Thus

'=? Bi(y)  , Ai(y,p)\..    s      -»<        A      t?*i(y) , Ai(y,p)\

np"~l \ j_i (poii)' pm+1   /

i = l, •• • , n, and

-<* /        ^ Bt(y)      Ei(y,p)\
Vi(y,P) = —— er~M 1 + E ^^ +      m+1   ),

«p""1 \ j=i (pcoi)' pm+1   /



744 M. H. STONE [October

¿ = 1, • ■ • , re, as we were to show. Since the functions Bt(y) are expressible

in terms of the coefficients Atk(y) which occur in the asymptotic forms for

«i( *\ • ■ •, «n( k) and which are independent of the sector S, they are independ-

ent of the sector S.

Theorem XXXII. If f(x) is summable on (0, 1); and if G(x, y; X) is

the Green's function associated with the regular differential system of order

w = 2p. —1 of the type described above; and if

Fx\(x,y,p)=.-   E     E (pw,)'«*'-«—» E   Aak(x)Bß(y),
t—1 *=0 a+ß~* Jfc—$

i=n        s=k

Fh(x,y,p)=. +   E     £ (pox) W"^1^ E  Aak(x)Bß(y),
t=/x+1       *=0 «+£= k—«

P2°k(x,y,P)= -   E     E (p«*)'«*«^^-*' E  A.k(x)Bp(y),
¡=,1 a-0 a+ß—k—t

F2\(x,y,p)=-+   E    E (p«<),«v^'(-») E   Aak(x)Bß(y),

where Aak(x)is the coefficient of (pcoj)~" in the asymptotic form for ui(-k)(x) on S,

Bß(y) the coefficient of (pcoi)~ß in the form for Vi(y), then

pi p( piny+l   S tdkG     QkQ, , X

fc X/WX, 0 - *=) r'"' te; s? - \Ff' ■ Fiv ** - •■

«reiformly, 0<a^x^b<l, / ^ 0.   FAe expression

i   dk   r1     ci     xv+i
T^Tl  M^l   (1_7l)    G(x,y,\)d\dy
2ti dxk Jo        Jc \       A4/

is equivalent on any interval (a, b) completely interior to (0, 1) to a linear com-

bination with coefficients Aak(x) of means of order k+l, 1^0, formed from the

Fourier series and their derived series to order k for the functions f(x)B0(x)

=f(x), f(x)Bx(x), ■ • • , f(x)Bk(x). On any interval (a, b) the problem of

the derived series of Birkhoff of order n = 2p, — l is reduced to a problem in the

theory of derived Fourier series.

Case I.   p on Si'.   We take m = k in the asymptotic forms of Theorem

II ' and Lemma XIV. We then compute the asymptotic form of



1926] SERIES OF FOURIER AND BIRKHOFF

dk dk

745

( d* dk )
npn-1\—1G(x,y ; p») ;— - G(x,y ; p-)[

*-dxk dxk )

on Si' by methods like those used in Theorem VII. We have

(1   <=n 1   i=n )

g(x,y) = <-   E Ui(x)vi(y) ; - -   E ««(«My) >,
\2    i_i I   j_i ;

Jd*g   a'gi

Ids*    5**j

ia*G  a*G)

«/*>(*)

Wi(ui)

Wn(Ul)

w

Wi(Un) Wi(g)

Wn(lln) Wn(g)

(Ul)     ■   ■   ■  Wl(Un)

Wn(Ui)    ■■■Wn(Un)

We multiply the first p, columns in the numerator by %Vi(y), ■ ■ ■ , \v^(y)

respectively, the next p —1 by — \v„+i(y), ' • • > h^Áy), and add to the last.

We then take the first term of the new last column outside the determinant.

The result of substituting the asymptotic forms for Ui, • • ■ , u„, Vi, • • • , vn

is

id*G   dGk)       ( ^
gpaii{x—y)

nii(x,y,p)

mi(x,y,p)' Ai<*>

Ä P /       [0o] + e^'[0i]

where A^ *' is a determinant which differs from the determinant Ai of Theorem

VII only in having the elements of the first row changed to

oí/- (pù>î)V»/*[1], j = 1, • • • , p;

au = (p»J)**"'<—"[1]. / = p + l, • • • , n ;

Ol.n+l = 0.

Thus we find

>*»\k+i / (dkG   ôtGNo-í) (-sa-{—»-{-Igpwifx—y)
W;

_|_    ^>     gP"i(x— y)

¡=0+1

#Z) / p4n\*      / i=0 i_" \

7/ H1 - r*v pk v 5 e^wn+í+.£r(*~lH
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where the functions m are uniformly bounded for all x and y on (0, 1) and

for all p on Si'. Consequently, by Lemmas III, IV, V,

P /      piny+i /        /d*G   dkG)      ( )\

is uniformly bounded, 0<a^xíS¿><l, O^ygl, for allp on Si'. Next, on

integrating over (a, x) with respect to y just as we did in Theorem VIII,

we find

n/       p4«\*+'/ (dkG   ô*G)       ( )\

ne   sa:        »»,-    £?        wí)) -  E e"^*-»' — ; + E cp"<(*-v) —>dpdy
., (       ¡=i p        t=»+i p J

C   / p4n\ (fc-l)-t-(J+l) /      ¡=M i=n \

+ J i1-^,;) p*"1!  E«'"'Xk+ E ^'«-»«M-iJdp •

The expression on the right approaches zero uniformly, 0<a^x^6<l,

as /?—><» by Lemmas IV, V, VI.  Thus

n/       p*»\k+i / (d*c   dkG)       ( )\
A1-5=) ("'"te^}-fftiF'''}>*-0'

uniformly, 0<a^x^6<l.

With the aid of Theorem IV the present theorem is established in the

case of the first integral.

Case IL    p on S2'. We compute the asymptotic form for

n_JdkG   dkG)

npn te'a?/

in a manner analogous to that used in Case II of Theorm VII.    We then

follow our usual line of attack to validate the assertion concerning the

second integral of this theorem.

We notice that in the case of Fourier series, as given in the differential

system of order re = 2p — 1 analysed in §111,
¡=p

Fi°,= -   2Z(p"i) W" ix~v),
1=1

¡=7l

Fi\= +   E (po>i)-o>ie'»"lx-''\
i—p+l

¡=,1-1

F2°.=h - E (/*><) w"(—»),
¡=1

¡=71

Fi\= + Eíp^w1^1-"'.
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Thus

Fh=  E ¿V. E Aak(x)Bß(y), i = 0,1,   j = 1,2.
•-0 a+|3=fc—«

Since the functions A and B are independent of the sector S, the important

relation between the derived series of Birkhoff and the derived series of

Fourier, whose complete statement appears above, is now demonstrated.

It is now proposed to investigate a few of the leading properties of the

derived series of Fourier series; some of them can be extended to Birkhoff

series. The results which we shall present have all been obtained by W. H.

Young,* who used methods different from ours.

Theorem XXXIII. 2/ <p(x) is a k-fold integral in the sense of Lebesgue

on (0, 1), and if G(x, y;\)is the Green's function associated with the differential

system u'+\u = 0, u(0) — u(l) =0, then

lhn{awJ *w(:y)X 0 " lO  G{x'y'x)¿x¿y

i   a* rl      r /     x4\*+l \

-üiajl^LM-Ti)    ««.fi»»*)-«.
uniformly, Q<a^x^b<l, for l = 0. In other words, the Cesàro sums of order

k+l, l = 0, for the kth derived Fourier series of <f>(x) and for the Fourier series

of </><*' (x) are equivalent on (a, b).

By Theorems IX and XXXII we need consider merely the differences

f   f \l-D     (^)X*( ~ l)***'"-1' - 0(*)(y)ex(*-l))dXdy

+ f   ( (l-J     (0(y)X*( - l)*^»-*) - 0<*>(y)e*<»-*>)dXdy.

By integration by parts we can show

>=*
0(y)( - l)*XV<»-«>¿y =  E ( - l)*-*flX«-,(*<*-1>(*) - ¿«-»(OJe-^)

i-l

+ f <t>w(y)eMv~x)dy,
Jo

fJo

* W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 17 (1918),

pp. 195-236.
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J%x i=k
<p(y)( - \)k\kex^-x^dy =   E ( ~ l)*-**-^*-«^*-1^*) - ^«-"(l)^«—>)

i ¡=i

+  l  <p'-k)(y)e^-x)dy.

On substituting these expressions we find

¡=it r.        /       X4\*+i

E ( - l)4-i+1*(i_1)(*)     X^'Y 1--)     dX

i=k p / X4\(*_i)+(,+i)

+ E ( - I)*"'«"-"'«))   1 X*-;( 1--1 e-*'d\

i-k p / \4\  (fc-¡) + ((+¡)

+  E ( - l)*-^(i-1}(l)   I   Hi-¡J e^-^dX.

The integrals over C vanish identically by Cauchy's theorem. The integrals

in the remaining terms approach zero uniformly, 0<ai^xr-b<l as A—>=c ,

1^0, by the application of Lemma V.

By Theorem VI, Corollary I, the type of mean employed in summing the

two series may be replaced by a Cesàro sum of the same order, k+l.

Corollary I. The (k+l)th Cesàro sum of the kth derived Fourier series

for <p(x) converges almost everywhere to <blk)(x); and converges uniformly on

(a, b) if 0(A)(x) is continuous.

Corollary II.    We have, if \f/(x) is bounded and summable on (0,1),

J-Xi 1     âk  rl r /       X4V+i
i(Ö-Tn      *(>)      V-tA    G(t,y,\)dKdydl;

tt 2-Ki d|Vo Jc,\        A,4/

= f *({)«<« (£)#

for all Xi and x2 interior to (0, 1).

On applying the preceding theorem and its two corollaries to Theorem

XXXII we find

Theorem XXXIV.   // <p(x) is a k-fold integral in the sense of Lebesgue,

Oáz^l, then

1    dk cl        C (      xv+!
lim—-—-      <¡>(y)\    (1-— )     G(x,y; X)dXdy = <*><*>(*)
,_„, 2ti dxVo Jc, \       A,4/

almost everywhere, 0<x<l; and if 4>{k)(x) is continuous, the convergence to

the limit is uniform, 0<a^x^b<l.
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By Corollary I of Theorem XXXIII and by the last part of Theorem

XXXII, we see that

i   ak r1       r Í     xv+'
lim —- —      <j>(y)      ( 1 - — )     G(x, y ; \)d\dy = $k(x)
,^2ici dxkJo Jc,\       A}/

almost everywhere, 0<x<l, the convergence being uniform on (a, b) if

4>ik)(x) is continuous. By Corollary II of Theorem XXXIII we can compute

the integral of $k(x) by integrating under the limit sign on the left. We have

4>t_i(z) - $k-i(xi) =   f 4>*(ê)d£, **(*) = *¡Li(«) = • • • = $0< *>(*).
*J xi

Since $o(x) = xj>(x), it follows that $*(a?) = <p{k~1)(x) and the theorem is proved.

Theorem XXXV. If f(x) is summable on (0, 1), then the convergence at a

point Xo interior to (0, 1), of the (k+l)th Cesàro mean, l = 0, of the kth derived

series of the Fourier series for f(x) is independent of the nature of the function

outside an arbitrarily small neighborhood of the point Xo*

We consider the differential system m'+Xm = 0, w(0) —w(1)=0, starting

from Theorem XXXII just as we did from Theorem XIX in proving Theorem

XIV. The study of the (k +l)th mean of the &th derived Fourier series reduces

to that of the expression

—   f /( - 2 + xo) f  (1 - 4>*)k+l( - i)k<l>kAk+1e-*i*'d<t>dz
2t Jo J—i

H-f      /(* + xo)  f   (1 - <t>4)k+l( - i')oi*A*+1eA<+'d0dz
2ic Jo J—i

where the integrals with respect to <p are taken over the real axis. We let

A be an arbitrarily small fixed positive quantity, which we may suppose

less than x0 and 1 — xB ; we denote by h the function

dk+l   .

[a - <f>r+i<i>k},
k+ld<j>

which is summable on (—1, 1) for 1 = 0.  Then on integrating by parts k + l

times we find

r+i ( jr. !)*+i r+i
I     (1 - <t>i)k+'d>kAk+1e±***zd<t> =- I    Äc±A<

J-l zk+1      J_i
dtp,

* W. H. Young, Proceedings of thé London Mathematical Society, ser. 2, vol. 17

(1918) pp. 195-236.
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an expression which is uniformly bounded for z^A, 1^0, and which ap-

proaches zero with 1/A for each positive value of z, by the theorem of

Riemann-Lebesgue. It follows that in the expression above the integrals

over (A, x0) and (A, 1 —xB) have the limit zero as A—>°o. Therefore the con-

vergence of the (k+l)th mean, 1^0, at x=x0 depends on the behavior of the

sum

— I /( - « + *o) I    (1 - «4)*+,( - i)*0*A*+,e-A,>«d«d2
2ir Jo J-i

1  p* r+1
+-I   /(z + *o) I    (1 - 4>*)k+l( - i)k4>kAk+1e^*'d<pdz.

2ir Jo J—i

This establishes the theorem.

An immediate consequence of this result is

Theorem XXXVI. If f(x) is summable on (0, 1), the behavior of the
expression

i   a* rl     r f    XV+1
T^TüM^I   í1 -Ti)    G(x,y;\)dMy,   l = 0,
2m dx"Jo       Jc,\       A,4/

at the point x = x0, 0<x0<l, as v—>°o is independent of the nature of f(x) out-

side an arbitrarily small neighborhood of x0.

We now proceed to two other theorems of more general character, with

a view to showing the effectiveness of the method here considered in discus-

sing the derived series of Fourier series.

Theorem XXXVII.   Iff(x) is summable on (0, 1); and if

f(x)-f(2xo-x)
F(x) =-

2(x—xo)

is summable on (0, 1) when x0 is interior to (0, 1) and f(x) is defined for all

values of x by the identity /(x)=/(x+l); and if 5AW, SA(,) denote the [A]th

Cesàro sums of order I for a Fourier series and its first derived series respectively,

then

lim (SA< <+o(/) - 55A( l+l)(P) + 45A( °(F)) = 0,    x = x„,    1^0.

In particular, iff(x) is continuous and limI„I(F(x) =A, then

lim^SA^O) = A,    x = xo,    / > 0.*

* W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 17

(1918) pp. 195-236.
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It is sufficient to demonstrate that

limA,M(2A("(/) - 5Sa<"(F) + 4Sa<°'(F)) = 0,    s - *..

By taking k = 1, / = 0, in the final expression of Theorem XXXV and notic-

ing that

r+i
I       (1 - <p4)0cosA<*>zd<p = 0

we find that we can replace 2A( "(/) by the expression

— I    (/(* + xo) - f( - z + xo)) I    (1 - «4)(pA2 sin Axpzd<j>dz,
2tJo J—i

in the sense that this expression has the same behavior as A—»oo.  On inte-

grating by parts we find

£H 1    p+l

(1 - <t>*)(t>A2 sin A<f>zd<p = -  I    (1 - 5<t>*)A cos Axf>zd<p.
i z J-i

Hence we can replace SA{ ° (f) by

1 f * + ->-*-■ + ■» r«(1 _501)i
2tJo 2 •/-!

cos A<t>zd<f>dz.

We note that F(-z+z0)+F(z+a;o) = [/(z+a;o)-/(-2+*o))/z.     Thus we

can replace Sil)(F) and Si0)(F) by

1 CA /(* + *o) - /( - z + xo)   f+\.
cos A<pzd<pdz

and

1  r* j(z + xo) - f( - z + xo)   r*\
— I   -   I    (1 - <t>*)A <
¿irJo 2 J-i

1 r* f(z + xo) - /( - 2 + xo)   r+\
— I     -   I   A cos A<t>zd<f>dz
2xJo 2 J—l

respectively. When we make the three replacements in the expression

Z?(f)-SSÏ\F) + 4Sr(F)

we find that it then reduces to zero ; that is to say, for x=x0,

linWsÄ'Cß - SS™ (F) + 4s[°\f)) = 0.

The remainder of the theorem follows at once.
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Theorem XXXVIII. The first derived series of the Fourier series for a

function of bounded variation, x(x), is summable (C, I), l>0, to x'(x) almost

everywhere on (0, 1).*

We employ here the concept of integration with respect to a function of

bounded variation. We let x0 be a point interior to (0, 1) for which the func-

tion

„, ,       x(z + xo) - x( - z + xo)
X(z) =-zx (xo)

is defined and satisfies the conditions

If,       .
X( + 0) = 0, lim-I    \dX\ = 0.

*-° zJo

Young has shown that the set of points thus defined is of measure 1.

Taking G(x, y; X) as the Green's function for the system u'+\u = 0,

u(0) — u(l)=0, we find for x = x0

=   f x(y) f (l-;) XeX("-I0)dXdy

+  f x(y)f (l - —J Xex<*-*»>dXdy

pi p  /       x4\' - Xe-^'e^*-1'

+ XxMX.('-a7)    .-«->    «»
pi p  /        \i\t\eMi-x,)e\y

+ XxWX.('-a7)v3T-^-

In the third integral we have

\[ x(y)\e""-»dy   =   x(l) - x(0)e-x -   f e^"~»dX

Ú \x(D | + | x(0) | + f\dX\£M,
Jo

* W. H. Young, Proceedings of the London Mathematical Society, ser. 2, vol. 13

(1914) pp. 13-28.
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so that for />0 it approaches zero with 1/A in accord with Lemma V. By a

similar argument we can dispose of the fourth integral. The two remaining

integrals can be changed into the form

I     /»I0 /»+1

— I    x( - z + xo) I    (1 - «4)'( - it^A'er^'d^z
2tJo J—i

I    /»l—10 /»+1

+ — x(z + xo)  \      (1 - <t>A)'( - i<p)A2e****d<pdz,
2% Jo J—i

as was done in Theorems XIV and XXXV. We take A positive but less

than Xo and 1— x0. Then we show the integrals over (A, x0) and (A, 1— x0)

negligible, in the following manner: we integrate by parts with respect to z

in each of them and apply the inequalities of Lemma VII to the resulting

expressions. The discussion has many points of similarity with the first

part of that given in Theorem XIV. Thus we consider

i rA r+l
- I   (X(z) + zx'(xo)) I    (1 - <p4)M2 sin A<t>zd<t>dz,    I > 0.
-h~Jo J—i

It is readily shown that

1 cA  r+1
lim - I   z\    (1 - <¿>4)'M2 sin A<t>zd<t>dz = 1.
A-.w irJo    J-i

To prove the present theorem, then, it remains to show that

lim I   X(z) I    (1 - <t>*)'<j>A2 sin A<t>zd<pdz = 0.
A.«, Jo J-l

This is easily accomplished after an integration by parts with the aid of the

inequalities of Lemma VII ; the method is that used by Hardy for the proof

of the last step in Theorem XIV and by Young for the present theorem.

This finishes the proof.

We leave the reader to apply the last two theorems to the study of the

derived series of Birkhoff of order n = 2p — 1.

VII. The series for n = 2p.

The regular differential system

M(n) + + + Í2M(»-2) + . . . + (fn + X)« - 0,

Wi(u) = 0, • • • , Wn(u) = 0,       « = 2p,

where
Wi(u) » a<M<*-->(0) + pW*«>(l) H-,

n —  1 è  kl ^  kt è   • • •  è  kn,       ki+t >   ki,
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presents certain salient differences from the case re = 2p, — 1 ; but these are

differences of form which do not necessitate any essential alteration in the

spirit of the method used.

We shall write X=p", considering instead of the whole X-plane two

adjacent sectors S: 1l(pa>i) g î\(pco2) g ■ • • ^1\(pü>„) in the p-plane. This

region we shall call 2. The sector S is a region T of §1 for c = 0. On employing

the asymptotic forms for solutions ux, ■ ■ ■ , un on a region T including S

in its interior we ascertain the distribution of the characteristic values in S*

On one of the bounding rays of a sector S, 'RXpw,,) = 1\(pw„+i) = 0 ; we arrange

the two adjacent sectors S forming 2 so that they have such a bounding ray

in common. Then the characteristic values of p on S are distributed in two

series, asymptotically near points equally spaced at distance 2w along each of

two lines parallel to the bisecting ray of S ; these are simple characteristic

values except in the case of a value common to the two series, which is

always double.

We now prepare the regions 2', S' in a manner entirely analogous to that

employed in the case n = 2p. — l. The arcs T, y and the circles C can then be

defined.   The notations a, R will be carried over from our preceding work.

On any region 5 we havef

íl(pui) á 2l(pw2) á        Ú ÎKpwm-i) û - ß < 0 ;

'Rfpoip) = ^.(pcop+1) = 0, along one bounding ray;

<<V = — wM+i ;

<R.(/xo„) 5; ^(pun-O = è IKputi-s) è ß > 0.

Hence we can consider the whole sector S' at once; but we have two roots of

— 1, namely «„, w„+i> which have to receive special attention. This is the

reverse of the situation in the case n = 2p — l, where the sector S' had to be

divided and where there was on each sector Si', St a single root of — 1

which required separate consideration.

In the present discussion we have to replace Lemmas IV, V, VI. We

have

Lemma IV. If m(x, p) is a function of x and p bounded for 0<a^x^b<l

and for all p on S', then

lim    ( pke>°ixmdp = 0 (i = 1, • ■ • , p. — 1),

• Birkhoff, Rendiconti del Circolo Matemático di Palermo, vol. 36 (1913), p. 117.
t Birkhoff, these Transactions, vol. 9 (1908), p. 386.
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lim    I pke^iix-^mdp = 0 (i - p + 2, ■ • • , n),

/or any k, uniformly, 0<a=x = b<l.

Lemma V.    If m(x, y, p) is a function of x, y, and p bounded for 0 <agi

= b<l,0 = y = l, and for all p onS', then

„4n

e^^mdp,X4-9
,<n \ *+i

efx-M+iC^-Dwdp,

/or a«y ¿^0, (1) are uniformly bounded, 0<a=x¿b<l, O^y^l, for all

y on S' when 1 = 0, and (2) approach zero uniformly with 1/Rfor 0<a=x^b

<1, Ogygl, when l>0.

Lemma VI'. If m(x, y, p) is uniformly bounded, 0=x = l, 0 = y^l,

for all p on S', then

lim I  «*"<<»-»> — dpdy = 0 (i = 1, • • • , p.),
Ä->» Ja   Jy P

uniformly, 0 ¿a=x = 1 ; and

nm gpui(x-y) _ ¿p¿y  -   0 (i  =  p +   1,   •  •  •   ,   n),

.^ p

uniformly, 0 ̂  x ¿ a = 1.

¡The proofs are entirely analogous to those used for the preceding lemmas.

Lemma III does not need to be replaced.

The Green's function for a system of order n = 2p is given by the expUdt

formula written down in Theorem VII. We proceed to put this expression

in a more useful form by multiplying the first p columns in the numerator

by §fli(y), ■ • • , \v„(y) respectively, the next p by -èfM+i(y), • • • , -\vn(y)

respectively, and adding to the last. We then take the first term in the new

last column outside the determinant. The result of substituting the asymp-

totic forms of Mi, • • ■ , un, Vi, ■ ■ ■ , vn is then*

fip-<G = { -   E «"«""«"M ; + E e""(*-«'>[a)j]}

A,
+

[0,]c^0+ [0o]e>»0+ [0j]

* Tamarkin, Rendiconti del Circolo Matemático di Palermo, vol. 34 (1912), p. 364.
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where A3 is a determinant of order re+1 in which the element öa,-, h = 0, 1,

■■• ,n,j—1,2, ••■ , n+i may described as follows:

ao,i=e»*ix[i],j=l, ■ ■   ,it ;ao.i = e""^x-1i[l],j = p+l, ••■,»; a0,n+i = 0 ;

and for h — 1,2, ■ ■ -, re,

ahj =  [cthO>,*h],j = 1, • ■ • , p - I ; ahili = [aho}„k"] + e^ßku,/*] ;

ah,ß+x = [ctho>ï+x] e-f»** + [ßhul+x] ; ahj = [ßhu>>">], j =/i + 2, ■■■,«;

i=fi i=n

««.n+i = -   E e^i<-l-")[ßhUik"+l] +    E e-^'"[ahù)*"+l].

<=i <=^+i

On S', l/{[0i]e2","+[0o]ep""+[o2]} is bounded* In short, we are prepared

to proceed as we did in the case « = 2p — 1.

We can thus establish Theorems IX', XII', XIII', whose statements are

identical with those of Theorems IX, XII, XIII, respectively, except for the

change from n = 2pt — 1 to n = 2p.. In the proof of Theorem XII', essentially

the same as that of Theorem XII, we must remark a slight difference. If

we let [a] be that part of a on S', then

»i
f(y)npn~1G(x,y ; pn)dpdy

'0   «/[it]

approaches zero uniformly, O^x^l, as the center of a recedes indefinitely

from the origin.   Hence on 2,

.i
/(y)rep"-1G(x, y ; pn)dpdy

'0   Ja

approaches zero in similar fashion. Because of the distribution of the charac-

teristic values when n = 2p. the circles a remote from the origin may be inter-

sected by the bisecting ray of 2, and it is necessary to introduce the

corresponding modification of the proof. Theorem XIII', which asserts

the equivalence of Birkhoff series of order n = 2p. and Fourier series on any

interval (a, b) completely interior to (0, 1), is the strongest theorem possible,

in general, as we see by reference to the sine, cosine, and Fourier series in

the case re = 2.

We next introduce

X'XJo Ju

Jo   Jo

Lemma VIII'.    On any region S'

[%x]e2^ + [do]e^" + [02]

[01]e2""M + [0o]e**« + [02]

if 0O = 0o, 0i = Öi, 0S = 0j.

[1]

* Birkhoff, Rendiconti del Circolo Matemático di Palermo, vol. 36 (1913), p. 120.
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Lemma IX'.    The integrals

nep»nx-v)(m/p) dpdy (i - 1, • • • , p),

x

e-^»(m/p) dpdy (i - ¡i + 1, • • • , *),XX•/ y   %/a

where m(x, y, p) is bounded for all x and y on (0,1) and for all p on S', converge

uniformly to zero with 1/2?, 0^#^l,0i£aál.

We can now obtain Theorems XVII' and XVIII' which may be stated

merely by replacing n = 2p —1 by n = 2p. in Theorems XVII and XVIII.

It is to be noticed that Theorem XVIII' includes as special cases the leading

results of Haar and of Walsh cited in the introduction.

We next introduce the determinant D(x, y, p) obtamed from A3 by re-

placing each asymptotic expression [A] by its dominating constant term A,

and deleting the terms involving e'"*, e"VM. From £)(0, y, p) and D(l, y, p)

we obtain new determinants D°(y, p), D1(y, p) by replacing by zero the

terms of the first rows expUcitly involving the variable p. We then obtain

two theorems similar to Theorems XIX and XX.

Theorem XIX'. If f(x) is summable on (0, 1), then

lim   f f(y) f (*p»-«C(*,y ; Pn)-{-¿ ««•«•-»>«, ; + E e^'-^uX
S-.0O  Jo Jy    \ \      i_l «-0+1 }

-— <D(x,y,p)\dpdy = 0

uniformly, O^xgl.

Theorem XX'.    If'f(x) is summable on (0,1) then

lim   f f(y) f («P"->G(0,y ;p»)-    ¿ »««-«-«» -   D°(y,p) )dpdy = 0,
8-.» Jo Jy   \ i-0+1 02 /

lim   (f(y) f ( «p-^l ,y ; p") + '2 cm«»«»-») — ̂ (y^) )dpdy = 0.
«-.00 Jo Jy     \ (_1 02 /

We can next use Lemmas X and XII much as we did in §IV. In fact, we

have, with the notations of Lemma X and Theorem XXI,

pl r. r.1 g-R^W   _   g-B\ty

I f(y) I   ut^k^-^dpdy =      f(y)-dy
Jo      Jy Jo y
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where 02 — 0i= —ir/n, for k = l, • • • , n; and

*%1 j% pi g—R\xy  _  g—R\2V

f(y) I uke->°kHpdy =    \ f(y)-dy
Jo      Jy Jo y

where 02—0i = 7r/w>I0r k=p + l, ■ ■ ■ , re. Hence we obtain Theorem XXI',

whose statement parallels that of Theorem XXI.   Likewise there results

Theorem XXII'. If <j>(x) is summable on (0,1), and if

i rx i cz
$i(x) = - I  <i>(x)dx,       3>2(x) = - I  <p(l - x)dx

xJo x Jo

are of bounded variation near x = 0, then

lim   — f <t>(y) f np»-*G(k,y ; pn)dpdy = Ak$x( + 0) + S*S>2( + 0)
fi->»   2iri Jo Jy

where A k, Bk are constants depending only upon the boundary conditions, k = 0,1.

For specific formulas concerning Ak, Bk, we refer to a paper of Birkhoff.*

In order to bring the discussion of the adjoint series of order « = 2/u

under that already carried out, we employ the device of writing x = l— x,

S = ! -y, f(y) =/(l -V), whereby

ff(y) fG(y,x;\)d\dy = f/(y) (G(l - y,l - x ; \)d\dy.
Jo        Jc Jo        Jc

Then on S' we find for «pn_1G(l — y, 1 — x; p") an asymptotic form which in

its essentials resembles that for npnG(x, y; p"). We are then able to prove

Theorems XXIII', XXIV, XXV, XXVI', XXVII', differing from the cor-
responding theorems of §V only in having n = 2p. — 1 replaced by re = 2p;.

The theorems on convergence at the end points x=0, x = 1 present certain

differences. We define 2)° and Î)1 from <D(y, 0, p) and <D(y, 1, p) by replacing

by zero certain terms of the last columns, as in the corresponding situation

in §V. Then we have

Theorem XXVIII'.   If f(x) is summable on (0, 1), then

pi p l ¡—» i—P \

lim    I yCy) I   (np"-¡G(y,x;pn) — < E  c^"(v-,,«< ; —  E e""i(,'":t)£D,>
*->«> Jo Jy '■¡-M-t-l »-1 '

1
-— <D(y,x,p))dpdy = 0

02

uniformly, O^x^l.

* Birkhoff, Rendiconti del Circolo Matemático di Palermo, vol. 36 (1913), pp. 125-26.
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Theorem XXIX'. Iff(x) is summable on (0,1), then the limit in Theorem

XXVIII' is valid if x is set equal to 0 or 1 and O is replaced by the corresponding

determinant 2) ; for example,

r1       f                                 *~"                 1
lim    | f(y) I  («p»->G(y,0 ; pn) + JZ «"""«i-^>°(y,p))dpdy = 0.
K-.M      Jo Jy j_l 02

Theorem XXX' is the exact analogue of Theorem XXX.

Theorem XXXI'.   2/ <p(x) is summable on (0, 1), and if

1  rx 1 r"
$i(x) = - I  <t>(x)dx,    $2(x) = - I  <p(l - x)dx

xJo x Jo

are of bounded variation near x = 0, then

lim   — - f <p(y) ( np^Hi(y,k ; P")dpdy = 8t*$i( + 0) + »*$2( + 0)
B-.»   2irlJo Jy

where Sí* and SB* are constants depending only upon the boundary conditions,

^=0,1. For example,

«0*l( + 0) + »0$2( + 0)= £- *,( + 0)
2«

+
2»0¡

Oj

«l«!

a„ù3x*

a it aM+i

ai&V*1      /3ito*'

0

«—0

0+1

a„u}^   ßnca'
0+1

/3ico„

ßn^"

- ßi E"<*,+1
t-1

-/3,E<**"+1

where ai= —$i(+0)/wi, i = l,2, • ■ ■ ,p, and a¿ = í>2(+0)/wi, i = p+l, ••■,».

Lastly, we pass to the consideration of the term-by-term derived series,

(*- 1,2,    ••),
Í    dk r1       c

^~-n\ /(>)( G(x,y,Vd\dy
2ti dx"Jo        Jc,

under the assumption that the coefficients pi, • • -, Pn of the differential

equation are continuous together with their derivatives of all orders. Our

theorems deal with the method of summing the series given by the expression

1    d" r1       C Í      X4V+'
V~- 71    X(y)     ( 1 - -)   G(x,y ; \)d\dy,
2irl dxkJ0 Jc,\        A,4/

/£0.-



760 M. H. STONE [October

Lemmas XIII and XIV hold for re = 2p as well as for re = 2p. — 1. If we write

Fk°(x,y,p)^ -   E     E (wJW«-»»   E    Aak(x)Bß(y),
i—1        «-0 a+0=Jfc-«

Fkx(x,y,p)= +   E     E (pw<)*«.CK*i(I_,')     E     Aak(x)Bß(y),
i—p+l      «=0 a+73-t—«

we find

Í5*       3*    )       C «3 w< *-ç m()
wpn-lJ-G .-Q I =   J¿7t0   _     £  gp».(x-v) _ ;/?tl  _|_  £ eV«-*-* —}

(dxk      dxk    )        \ ¡_i p i_^t-i p)

+
[0i]e2'»M + [0o]epu" + [0s]

where A^ is a determinant differing from A» only in having the elements

of the first row given by

aoi= (pa,,)*e^[l] (/- 1, ••• ,M) ;

«o/ = (w)^"-»!!] (/ - m + 1, • • • , n) ;

«0,71+1    =    0,

for p on 5'. The demonstration of Theorem XXXII' then follows the lines

of that of Theorem XXXII.

Theorem XXXII'. If f(x) is summable on (0,l)and if G (x,y;X) is the

Green's function associated with the regular differential system of order n = 2p of

the type described above; and if Fk"(x,y,p), Fk1(x,y,p) are defined by the iden-

tities above, then

pl p, 4„y+!/ ,dkQ     ßkQs / ^>.

s.X/WX 0 - f=) (-'"'to; tv - r; "Ir*=°
uniformly, 0<a^x^b< l,for 1^0.  The expression

1    dk r1       C (       XV+'

2TiJ*).H\1-lVG<'>y;*>i">
is therefore equivalent on any interval (a,b) completely interior to (0,1) to a

linear combination with coefficients Aak(x) of means of order k + I, I ^ 0,

formed from the Fourier series and their derived series up to order k for the

functions f(x)Bo(x) = f(x), f(x)Bx(x), ■ ■ ■ ,f(x)Bk(x). On any interval (a,b)

the problem of derived Birkhoff series of order n = 2p. is reduced to a problem

in Fourier series and their derived series.



1926] SERIES OF FOURIER AND BIRKHOFF 761

Theorems XXXIV and XXXVI', analogous to the correspondingly num-

bered theorems of §VI, can then be obtained without difficulty.

From our brief indications the reader wiU perceive that the case n — 2p

is in its main features similar to the case n = 2p — 1, which we have dis-

cussed in greater detail.

Columbia University,

New York, N.Y.


